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9 ANALYTICAL TRIGONOMETRY, 
Ss 

\ 

CHAPTER L 

ye EXPONENTIAL AND LOGARITHMIC SERIES. 


1. In the following chapter we are about to obtain 

“san expansion in powers. of 2 for the expression a*, where 
“both a and «@ are real, and also to obtain an expansion for 
log,(1 +), where « is real and less than unity, and ¢ 
stands for a quantity to be defined. 


rx 2 To find the value of the ma + *" » when 
: _n becomes infinitely great and is real 


‘Since 3 < 1, we have, by the Binomial Theorem, 


ve LV 4 2@-}) 11 nxt =) 21, 
q) ite at 1.2.3 nt 


“hes ate F (1-2) 42 43) 





gt 


This series is true for all values of n, however great. 
a, make then 7 infinite — — eo side 


bat 
cage 


=] +. 1+5 3+ 3 atu -. ad inf, ..... - (2). 


L. T. IL 1 
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n 
Hence the limiting value, when n is infinite, of (1 + *) 


is the sum of the series 
hice Dol ; 
1+1 +p ar} +— +... ad inf 
3 ff 
The sum of this series is always denoted by the 
quantity e. 
Hence we have 
ut (142)"= 
Bi (t+5) = 
where Lt stands for “the limit when n= 00.” 


Cor. By putting n=, it follows (since m is zero 


when » is infinity) that 
Le( +m) = =Lt (1+ <)'=e 


3. This quantity e is finite. 


7 ] 1 1 
For since B <a < # 
Le 1 ee 
as 2.2.2 9< Pg 
Soe | ee sebeseoseves 
es soeees ad inf. 
<ltj44 = . 


<142; we <3. 
Also clearly e > 2. 





THE QUANTITY @ 3 


Hence it lies between 2 and 3. —_ 
By taking a sufficient number of terms in the series, it 
can be shewn that 


Y e = 2°7182818285.... 
4. The quantity ¢ is incommensurable. 


For, if possible, suppose it to be equal to a fraction - , where p and q 


are whole numbers. 
We have then 


ee re +GtTs fee (i) 
a + +a at cove [a qti Ig+2 ove eee 


Multiply this equation by |g, so that all the terms of the series (1) 


{ 
zi ‘ qd 
become integers except those commencing with ——-. Hence we have 


gti 
. p|g-1= whole number +——— ig it. a Hoses 


Gat ed” 8 


6. = — 7 «-(2). 
sia a ais wrhasy* ESE Grate «P) 
But the right-hand side of this equation is > rel , and 


é 


1 
aay owe 
g+1 rest) @+ipt 
te. is <mit(t-aa): 
: 1 
Le. is <-. 


+1 
fore a fraction and so cannot be equal to the left-hand sae 


Hence our supposition that e was oommensurable is incorrect and it 
, ae must be incommensurable. 


Hence the right-hand side of (2) lies between Fal and 2 7 and is there- 


‘" 5. Exponential Series. When x is real, to prove)" 
that ‘ 


oo ; 
sia Oe a 
teenie indeas coos ie 
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and that 
a®*=1+alog,.a+ 5 (logea)? + . ad inf. 


When n is greater than unity, we have 


(edyf Cy 


1 4 Ra (ne — 11, na (na — 1) (na — 21, 
nt 1.2 7 1.2.3 n 


-*) -*) -*) 
a: fel aa at 


In this expression make n infinitely great. The left- 
hand becomes, as in Art. 2, e. 
The right-hand becomes 


=l+ne- 


=l+a+ 





a a 
Boer ig tls + 
Hence we have 
iS x? x3 ’ 
% e piss COs Cbd ..ad inf, ......(1). 
Let @ =e, 80 that ei 


soe 
Et Et 


by substituting cx for x the series as 


a? =e*=1l4+or4 o> +... ad inf, 


*,aX¥=1+xlog,a i= [2 (log, a)?+ (3 E flows a)e+. 


. 6. It oan be shewn (as in O. Smith’s Algebra, Art. 278) that the 
series (1), and therefore (2), of the last article is convergent for all real 
_ values of «. ; 


3 


EXPONENTIAL THEOREM. 5 


it .. ad inf. 
By equation (1) of Art. 6 we have, by putting z in succession equal 
to land -1, 


17. Aa 
7. Ex. 1. Prove that 5(e-< )}= +B 


e= 14 tata + .. ad inf. 
i B f 
1 : 
and Pe en ee are ed .. ad inf. 
ae Lae lg 
Hence, by subtraction, 
e- etaa(1+ 5+ ai) 
8 Et ; 
i.e 3 : =1 oa ad inf. 
Be 1 = = +8 jet . 


Bx. 2. Find the sum of the series 
142 p Lt248 teet 044) 


1+—>- = pa es cE .. ad inf. 
1 (n+l) 
The nth term ath wtn_2 ; 


wi nti (n-1)+ 
2 jn-1~ Tala, ea |= ales * fai. pail: 
provided that n > 2, 
Similarly 


1 1 2 
th - == — —_—_—— 
e (n—1)th term aLa-at pea): 


S09 m OOO OOS OD Cee ems one net eensendeeesetesentace 


1rl1 2 
the 4th term=5 [at pl 


the 3rd term=! a[at pl: 


Also the 2nd term=— 5 [1+ i) 


and the ist term=5 a i] : 
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Hence, by addition, the whole series 
1 


ally 1 1,1 dint 
=3[. ba Ge ae int. | 


I 1 1 . 
a[teat at pt ad int, | 

Be 

2 


8. Logarithmic Series. To prove that, when y is | 
real and numerically < 1, sta 
loge(1 +y)=9-39 +5y- iy t.. ad inf. 


In the equation (2) of Art. 5, put 
a=l+y, 

and we have 
(1+ yF=1+ clog. +y)+% ip Mosel +) + -C). 


But, since y is real and numerically < unity, we have 
a(x—1) az («a—1)(«%—- 2) 
aaa 


(l+yf=l+e.y+ YP + aes 


The series on the right-hand side of (1) and (2) are 


* equal to one another and both convergent, when y is 


numerically < 1. Also it could be shewn that the series 
on the right hand side of (2) is convergent when it is 
arranged in powers of # Hence we may equate like 
powers of @. 


Thus we eg 


(—1) (—2)(-3) 
¥+ Trr3.4 % 


+... ad inf, 
te, log, (1 +y) =V—-ayY +3y° =a +...ad inf....(8). 


nee +y)=y- 





Fe — 2) 
1; 


LOGARITHMIC SERIES. 7 


9. If y=1, the series (3) of the previous article is equal to 


111 ; 
l-5+3-qt ... ad inf, 
which is known to be convergent. 
: 111 giao 
If y=-1, it equals -1-5-5-4.. ad inf. which is known to be 


divergent. 

In addition therefore to being true for all values of y between - 1 and 
+1, itis true for the value y=1; it is not however true for the value 
y=-l1. 

10. Calculation of logarithms to base e. 
In the logarithmic series, if we put y= 1, we have 


log, 2=1— i+ poate ad inf. (1). 
If we put y=) 
we have 
loge 8 — loge 2 = log, 5 = loge (1 +5) 
pS Comes Liner Cleo es Sl | 
=o -getz ag at Sa a ielceaieet es (2) 
If we put y=3 
we have , 
1 111.1432 42121 
log, 4—1 = a ee vk 
Ogee ese = log. (1 +5) = 3 2°R +3: 3g. 4° 3 
siesunsatitiseantl hs 


From these equations we could, by taking a sufficient 
number of terms, calculate log, 2, log. 3, and log, 4. 

It would be found that a large number of terms would 
have to be taken to give the values of these logarithms to 
the required degree of accuracy, We shall therefore 
obtain more convenient series, 


eo” 


f, 


8 = TRIGONOMETRY. 
ee By Art. 8 we have 
ee eee 
log, (1 +y=y¥-35y tay —7y't... sovee(1), 
and, by changing the sign of y, 
1 1 1 
log. (1 — y)=—y - QP BY GY tov ons(2). 


In order that both these series may be true y must 
be numerically less than unity. 
By subtraction, we have 








1+ 1 1 
log, (1+ y) — log, (1—y)=log. 5 = 2 [y+gu 50+. 
(49 s y+ ae ™ Oo rcecevccccees (3), 
" Let : —— 
I nen’ 


The equation (8) becomes 


m {m—m\ _1Lim—n\? | 1 /m—n\* 
loge =2| (=) +3(a) +3(55) + vo} 

Put m=2,n=1 in (4) and we get log, 2. 

Put m=8, n=2 and we get log,3— log, 2, and there- 
fore log, 8. . 

By proceeding in this way we get the value of the 
logarithm of any number to base e. 








12. Logarithms to base-10. The logarithms of 
the previous article, to base e, are called Napierian or 
natural logarithms, ao 


rs 


LOGARITHMS TO BASE 10, 9 


We can convert these logarithms into logarithms to 
base 10. 
For, by Art. 147 (Part I.), we have, if N be any number, 


log. N = log, N x 56 10. 


. logy NW =log, N x TG 10° 


Now log. 10 can be found as in the last article and 


is found to be '4342944819.... 





1 
then Tog, 10 


Hence log,, N = log, N x *43429448..., 


so that the logarithm of any number to base 10 is found 
by multiplying its logarithm to base e by the quantity 
43429448... This quantity is called the Modulus. 


EXAMPLES. I. 
Prove that 


1, plete)= =l+tet+ ot at 


até 
2, OEE ICL r 
3. (1+ p+ a cet ee: +t ae P 


2 2 4 6 ba 
1 Be Bey yas 
~%& tg Bt Bt pte $5. pt etat = 1, f 


1 : 1 
+o+at.. 
6. 2 ig 6 _e-1 2 
peg ty e+1° 


B pt 


%. 14%, + 


i at et se ° 
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Find the sum of the series 


1 
8. shy. = Pea: . ad inf, ? 





atg-q ; 
12131 .1i1éi%2131 
9, a7 a°RtRZ- BZ ast +... ad inf, 
Prove that 
= ~b\3 
10. ag (S y+ (‘= °\ +. .. =log,a —log,b. ? 
a 2 . 
l+z_ 1, , 
11. log. 73 =2 (2452 +324 ...ad int). ? 





12. logez*5 =2 (2+ gust gaat -adint.), ife>1. ? 


, 1 xz 328° bad 
4 , 
13, log,(1+82422)=82— 5% 492 Mat Pp 
2 8 4 
+(-1)*"'- maT a IP tony) 
provided that 2z be not >1. 4 , 
14, 2log,2- log, (z+.1) — log, (2 - y=5+ +patet very if aml, 
1 1 . 
15, log 2= 7-5 +5 4+ get ... ad inf, 
1 1 1 5 
16. loee2-3=7 a gt ala et Beat ad int 


T 
cos { 6-— 
17, tan 0+) tan’ 0+; tan? 0+...=5 log a) ifo<% 


8 5 
18, If @ be >5 and <x, prove that 


(1) sin at sin’ @ 7 sin? 6+... ad inf. 


=2| cot 5 +3 1 ott eee Foot? S+ .. ad int. |, 3 
and, if @ be >0 and <2 3» Prove that 


(2) hres! sin! 6 +}sint 6+... ad inf. 


2 
=2] tan? Ot eens Fes tanto! 


& 2.3 2°55 2 


tu ad int. | 





(axs. 1] LOGARITUMS TO BASE 10 11 


19, If tan?@<1, prove that 


tan?@— 5 tan! 0+ x tanto — .. ad inf. 


=sin? 0+5 sin @ 45 sin’ 6+... ad inf. 
90. Prove that, if 26 be not a multiple of x, 
log cot 6=cos 2o+2 cos? 26 2 gust 20+... ad inf. 





8 5 
21, Prove that the cocfficient of x" in the expansion of 
{log, (1+2)}? we’ 
' @(-1)"7,,1,1 1 paar ee 
is [14545 +=" |- VA fee fi oa 


22. Use the methods of Arts. 11 and 12 to prove that 
logy) 2=-30103... 
and logy93 = "477... 
23. Draw the curve y=log, z. 
{If x be negative, y is imaginary ; when z is zero, y equals— oo; when 


z is unity, y is nothing; when z is positive and >1, y is always positive ; 
when z is infinity, y is infinity also.] 


24, Draw the curve y=log,,2 and state the geometrical relation 
between it and the curve of the last example. 
(Use Art, 147, Part 1.J 


25, Draw the curve y= a”. 


13. The two following limits will be required in the 
next chapter but one. 


/14. To prove that the value of (cos “)" when n ts 
infinite, is unity. 
We have cos = = (a- sin? sy 
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Now, by putting 
- 4 
—sin?—- =m, 
on 
we have 


1 


— 1 


Lt {1—sineS} “haLt{l+m)"=0 (Art. 2, Con) 


n=w 


Also, by Art. 228 (Part I.), 


ni. oa 
hae 
- a\? 
aa a 
= oa X97 =1x0=0, 
n 


when 2 is infinite, 
Hence, when n is infinite, 


[<xs <|"= é=1, 
n 


Aliter. This limit may also be found by using the 
logarithmic series. 


For, putting (cos =)" =u, we have 
ain a 
log. u =n log, cos a5 log, cos? a 
=2 log. ¢ —sin? *) 
=—5 (sin $+ Fsint® + hint + ia 
(Art. 8.) 


TWO IMPORTANT LIMITING VALUES, 13 


The series inside the bracket lies between sin? and 





the series 
<+ sint < +sint * + .. ad inf., 
te. lies between 
+ 2% 
sin’ < and id = 
1—sin? — 
te. lies between sint = and tan? =. 


Hence — log u lies between 





n @ 
5 sins and 5 tan’ sideek soveeeee(L) 
But 
. a\? 
n. 4 aes a? 
= 2 me —= = 
bt gain fo a x 5, 1x0=0, 
n 
and 
2 
sin — 





(Art. 228, Part I.) 


Hence in the limit both quantities (1) become 0, so 
that log u becomes zero also, and therefore, in the limit, 


u=1, 
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» ayn 
sin — 

15. To prove that the limiting value of | —— 


, 


gs 
. . ° e n 
when n is infinite, is unity. 
We have shewn, in Art. 227 (Part I), that sin 0, 6 and 
tan @ are in ascending order of magnitude, 


- aa a 
Hence sin—,-, and tan — 
n’n n 


are in ascending order. 





a 
; n 1 
Hence 1, , and — 
sin — cos — 
n 
are in ascending order. 
a n 
n ; 1\ 
Therefore — lies between 1 and —; } > 8° 
sin — cos — 
n n 


- a\® 
aa a\n 
that ae lies between 1 and (cos 5) 


n 


But, by the last article, the value of (cos 2 is unity, 


when n is infinite, 

- a\® 
aoa 
Hence, when x is infinite, the value of — 


n 
is unity, 





TWO [MPORTANT LIMITING VALUES. 15 


16. There is one point in Art. 2 that requires some cxamination. 


We ought to shew rigidly that the value of the series on the rizht 
hand of (1) is equal, when n becomes indefinitely great, to the series (2). 


'- Take the (p + 1)th term of the series (1), viz. 
(-DQ-9—(-"2) 
n 


When a, d,¢.,.... are all positive quantities and less than unity, we 
have 


(1-a) (1-6) =1-a-b+ab>1-a-b, 
and (1-a) (1-8) (l-c)>(1-a@-)b) (1-c)>1-a-b-e, 
and so on, so that 
(1-a) (1-5) (i-e)...... >1l-(atb+er+...... )- 


Hence the numerator of (1) lies between unity and 
} 1,2 
g(t see, 
t.e. between unity and 1-2(P=)) g 


Therefore the quantity (1) lies between 


Hence the whole series ee of Art. 2 lies between 


14144 


Tt ene ad inf, 
Bt & 
(11 a) + (a i 
a an 5-2») + a er on Bt ete ad inf, 


: 4 
i.e. 13g "13 i 
ee et oon... Od inf, 


1 1 1 ; 
~ ta (+ 5+ iat ad inf.) 
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s, 


7 


‘ 1 1 see F 
“al Now the series 1+ jet eo inf. is, as in Art. 6, convergent, so 
Maga rer 1 eae eeer ere eee ee 
that the quantity nr (+5 pt at) is, when n is made indefinitely 


great, ultimately equal to zero, 
Therefore, finally, the series (1) of Art. 2 is equal, in the limit, to 


we l4lt pt gt at . ad inf, 


A similar argument will apply to the series in Art. 5, and also to: 
those in Arts. 32 and 33. 


Sg ces che 


” * 


+ SIN @ AND COS @ EXPANDED IN A SERIES, 87 
14, Prove that the equation f 
sin 89=asin 0+bcos6+e . ————— 


has six roots and that the sum of the six values of 6, which satisfy it, is 
eq! an odd multiple of » radians. 
' W165, Prove that the equation yt 
ah sec @ — bk coseo 9@=a2— b* 
has four roots, and that the sum of the four values of 6, which satisfy it, 
: to an odd multiple of 7 radians. 
16.) If 6,, 6g, 63 be three values of @ which satisfy the equation 
tan 26=) tan (9+a), 


and such that no two of them differ by a multiple ‘of w, show thag : 
01+ 04+ O3+a is a multiple of x. 


EXPANSIONS OF THE SINE AND COSINE OF AN ANGLE IN 
SERIES OF ASCENDING POWERS OF THE ANGLE. 


| RG asin an 27 we have Nd 
cane care MD cost* 6 sin? 
+2 OO ~ 2) = 9) soon Osin‘ 0—.... 
Put 20 =a, and we have 
a/fa 
, a(9—2) 
cos & = cos ee i cos"—? @ gin? @ 
a 
G-6-96-9) 
S372 cos’ sin‘ 9 — 
wet Pref si 


$8 OED) goyesg(H8) ay 
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In equation (1) make 6 indefinitely small, a remaining 
constant and therefore n becoming indefinitely great. 


ind. . bt é 
Then ae is, in the limit, equal to unity and so is 


every power of rad ). (Art. 15.) 

Also cos @ is, in the limit, equal to unity and so also is 
every power of cos @. (Art. 14.) 

Hence (1) becomes 


2 4 6 
cosa=1-— eae G 


. el > (Cf Art. 16.] 
ie 33. To expand sin a in terms of a. 
As in Art. 27, we have 
n(n—1)(n—2) 
1.2.3 


+...ad inf. 


sin 20 =n cos" @ sin 0 — cos"—*@ sin®@ +... 


As before put n# =a, and we have 


a(o-1) (6-2) 





; a : F 
sina=4 cos*— @ sin 6 — cos"—* 6 sin? 0 


1.2.3 
a a a a 
B6-0G-9G-)6-9  anan.. 
~ coos. (5°) — Be NE = 79) 0 509 (Be 


As in the last article make 6 indefinitely small, keeping 


a finite, and we have 
3 7S gt 
a® a® a ad inf. 


fr 


sina=-a-—+—-—-at-:: a o 
7 x 
is is te [Cf. Art. 16.] %. 





TAN 6 EXPANDED IN A SERIES. 39 


\/ 34. There is no series, proceeding according to a 
simple law, for the expansion of tan@ in terms of @, 
similar to those of Arts. 32 and 33. 

We shall find the series for tan@ as far as the term 
involving 6°, 





6—-3s4+5--, 
F Mia sin 0 |3 | 
2 ae cos 0 Cee 


=(0-F+in--~) [2 +($-Ht) 2 


by the Binomial Theorem, 


~(0-§+5,---)[1 gee wt Ze, 


neglecting 6° and higher powers of 0, 
LJ 
=(0-F +355 - 2 )(. gOS or. -) 


6 120 2 24 
=04+5 oa to i 


on reduction and neglecting powers of 6 above 6°. 

A similar method would give the series for tan @ to 
as many terms as we please. The method however soon 
becomes very cumbrous and troublesome. 


35. In Arts. 32 and 33 we tacitly assumed that a 
was equal to the number of radians in the angle con- 
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sin 0 5: 
6 





sidered. For, unless this be the case, the limit of 


not unity when @ is made indefinitely small. 

When the angle is expressed in degrees we proceed as 3 
follows, : 
Let a° = « radians, so that 


3 A 8 
180° 7’ 
TT. 
and hence w= 180 
a) 
Then cos a° = cos a® ri 
a af gs : 


“1-5 tants 


— 1 Te + i mat ~ 1 mat + 
[2 180% © [4 1804 {6 1808 
So also 


=1 ...ad inf, J 


og Foes a 
SE ee eer BON gees 


Ta 1 /ma\* 1 /aa\s ; 
~ 780 ~ B (i80) +75 (igo) 7a inf. 


136. Sines and cosines of small angles. The 
series of Arts, 32 and 33 may be used to find the sincs 
and cosines of small angles. 

For example, let us find the values of sin 10” and 


cos 10”, 9 
1 ia i 


5 a TT io 
Since 10” = (Cra x60 * i) radians 


= (aa00) 





, we have 
i 


| 


SINES AND COSINES OF SMALL ANGLES. 41 


Q vt T 1 = y + 1 (aa ) _ 
sin 10"= $4800 8 (<a00 [5 \64800) ~ ** 


oy -if(_7 Vii 7 \- 
and cos 10” =1 5 (eaz00) + a (6800 Sees 
Now a3500 = -000048481368..., 
T a 
(saaas) = -0000000023504..., 
iia (saan) = 000000000000113928.... 


Hence, to twelve places of decimals, we have 
sin 10” = 000048481368, 


and cos 10” = 1 — 000 ons 


= 1 — ‘000000001175 
== ‘999999998825. 


J 37. Approximate value of the root of an 

equation. The series of Art. 33 may also be used to 
find an approximate value of the root of an equation. 

The method will be best shewn by examples. 


Bx. 1. ye ae s prove that the angle @ is very nearly equal to 


ith radian, 
_ We know that, the smaller 0 is, the more nearly is ae? equal to 


unity. Conversely in our case we seo that @ is small. 


« 
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In the series for sin @ (Art. 33) let us omit the powers of @ above the 
third, and we have 


a ae he cath: 


—_— 6 c 

3 _1s49_, 2 

@ 1350 1350° 
ete ee 

: 1850 226° - 


1 
Hence 06= Te: so that the angle is —— z 


If we desire a nearer approximation, we take the series for sin @ and 
omit powers above the 5th. We then have 


of a radian nearly. 





pe 
Eg 2 
6 “~*~ 7850" 
een 120 20 
4 = + eS - e 
This gives 64 — 208? 1350 a5 


Henee, by solving, 
2246 22480 _ 150 - 149933312... _ 066688 








ean 15 16 ~ 5 
= 1-:00032 
187° 4 
1:0001 F 
= 5 radian. 
This differs from the first approximation by about _—— a0 th part. 


Ex. 2. Solve approximately the equation 


cos G + 0) =°49, 


Since -49 is very nearly equal to ie which is the value of cos _ it 


3 
follows that @ must be small. . 
The equation may be written 
: 1 


1 V3 1 
3 cos 6 — > sin @= ‘49=5 - i000" saGaecssebeseeessese(h)> 


For a first approximation omit squares and higher powers of @. By 
Art, 33 this equation then becomes 


1. 3 
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so that 

2 — v3 _ 3-4641.. 11 F 
eipiedh — a 54 dian. 

Vs n= $00 = ago7 ers 
For a still nearer approximation, omit oubes and higher powers of @. 


The equation (1) then becomes 


6= 


1 6 1 #1 
3 (1-$)-9 "3-100 
é Ca 2,/30= 4. 

Ly + =i00° 


*” O= -V34+55- aL = ‘0115086... radian. 


The first approximation is therefore correct to 4 places of decimals. 


The angle 6 is therefore very nearly equal to -0115 radian, i.e. to 
about 40’. 


The accurate answer is found, from the tables, to be ‘0115075... 
radian. 


38. Evaluation of quantities apparently inde- 
terminate. We often have to obtain the value of quan- 
tities which are apparently indeterminate. 

Suppose we required the value of the expression 


3 sin 6 —sin 36 


6 (cos 6 — cos 36)’ 
when @ is zero. 


If we substitute the value 0 for 6, we have 
0-0 
0x 0’ 
which is apparently indeterminate. 
The expression however, for all values of 6, 





__38in @—(3sin O— 4 sin*6) 4sin°0 
8 {cos 0 — (4 cos*@ — 3 cos a @ {4 cos 6 — 4 cos} 
sin’ sin 6 1 sin 0 


~Ocos dain) Ocosd~ coed * @ 
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Now, the smaller @ is, the more nearly do both 


1 sin 6 ° 
cos 9 74 
approach to unity. Hence, when @ approaches the limit 
zero, the given expression approaches the limit 1 x 1, i.e. 1, 
Such an expression as the one we have discussed is 
said to be indeterminate. We should more properly say 
that the expression is “at first sight” indeterminate. 


39. In many cases the real value is very easily 
found by using the series for sin @ and cos 9. The method 
is shewn in the following examples, of the first of which 
the example in the preceding article is a particular case. 


EBx.1. Find the value of 
nsin,@ — sinnd 


—_———_—,,, when 8 is zero. 
@ (cos 6 — cos n@) as 


The expression 
Co one 
6LG-BtE~)- 1+ a) | 


3 
r 68 — ~ EB — 65+ higher powers of 0 








n—-l 


Te 1 7 
0 [ a 64+ higher powers of e| 
B a 





won w—n 


B E 62+ higher powers 


=i t wel . z 
ee = *r 6?-4-higher powers 








When @ is zero, this ee 


\ nn. n?-1 


' =e "Bp 








i 
=3° 





~ a 


és 


f 
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Ex. 2. Find the value, when x is sero, of the expression 
cosz —log,(1+2)+sinz— 1 


e —(1+2) 
1 2 1 4 
Since log, (l+2)=a-5 2° +50°-1e ceap. 
zt 
and bates asia +e + E --. (Arts, 5 and 8), 


this expression 


(pti) - (2-524452...) + (2-5 + E~) -1 


a 
leet + pt =) ~(1+2) 


fy thleher powers of z ~ iy t Powers of x 





. 


IT 
Pt heter powers of & eer of x 
When z is zero, this latter expression 


a ab: 


oe Find the value, when 2 ts pies f 
(22). 
When 2 is zero, this expression is of the form G) - 
2 = 
z+o+ 
But it also = (ecciie (Art. 84), 
Now, by Art. 2, Cor., the value of 


‘a ae * 
(oF 
is ¢, when 2 is zero. 


a 
Hence the expression med = 09 =1, 


‘The value of the expression may be tlso found by finding the value of 
its logarithm, 


. 
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EXAMPLES. V. 


sing 1013 7 
ap 9 = i014’ : 


prove that @ is the number of radians in 4° 24’ nearly. 


sin@ 863 
2 i 9 = 56a" 
prove that @ is equal to 4° 47’ nearly. Soe a 
eind 50K ye - w 
Be oat “e — 50%6? - 
prove that the angle 6 is 1° 58’ nearly. 
sind 2165°°° “> 5” 
4, 1 @ ~ 21667 - Be i 
prove that @ is equal to 3° 1’ nearly. . 
sin@ 19493 
aia “@ = 19494" 
prove that @ is equal to 1° nearly. 
1 
«‘6,. If tan O=F5° 


find an approximate value for 0. 


Find the value, when z is zero, of the expressions 





z-sing 2 € sin. az 
te ge 8. Tr cos me’ 9. ginbe’ 
in, tang—sing tan 22 — 2sinz + versin az 
10. —jJmta el. —3 12. verain ba bz’ 
13 msin 2 — sin mz 14. a’ sin az — b* sin bx 
*  m (cos x — cos ma) * * Stan ax—a'tan ba” 
b? sin? az — a? sin? bz z log, (Ql +2) 
+ 15. tan? ae — a*tan?bz° 16. Toonz * 4 
e*—1+4log,{1—= 18 z4+2sin z—sin 3x 
Pa 17. sin’ x . wee «+ tage — tan Qa *. 
sin 2 + sin 62 — Tz a sin? ng — sin?mz 
13. ——y 20. 1— cos pz 





(Exs. V.] INDETERMINATE EXPRESSIONS. 47 








lfsinz ¢*-—e7* sin® Jun ~sinmr sin nz 
al. al e oe -2]. + 22. (1-cos mr) (1—-cosne) * 
3sin z-sin 3x 

~g—sinz 


z a 
(sin z-2sin 5) +(1—cos r)3 
0, ee 


5 R sgt 4, 
sin zsin 22 - 8 cosxsin? 5 — 5 sin‘ z 





ax 


en 26 (2). 
(= 


27. (cos = +sin ap 


Find the value, when 2 equals a of 


28 (cos z + sin 2x + cos 32)? 
* (sina + 2cos 2z — sin 8z)8" 


(29, (sinz)"*, 30, seoz—tan x 
Find the value, when n is infinite, of 


31. (cosZ)", 32. (cosz)". 33, cos)" v3 
L 


34, If nbe >1 and 6=5 nearly, prove that (sin@) is very nearly 
‘equal to 
5 (n-1)+(24+1) sin @ 
(n+1)+(n—1) ein 6° 
35. In the limit, when 8=a, prove that 
asin 8~ Bsin a 33 
acosB-Acosa (a — tan-1 a), 


i i from that 
4tan2? F =tan-1 


5g 239° 
and deduce that in a triangle ABC, in which C is a right angele and C4 is 


five times CB, the angle 4 exceeds the eighth part of a right angle by 
3°36”, correct to the nesrest second. 


“Piste ‘ ee. 


de. 
ee 
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37, Find a and 6 so that the expression asin 2+ bsin 22 may be as . 
close an approximation as possible to the number of radians in the angle. ~ 
2, when z is small. Ke 


-~ 


38. Ify=2-esinz, where ¢ is very small, prove that 


¥en (is in? 2 ; 
tan 5=tan 5 (2 é+esin’ 3) 7 
and that a : : ; Px 
“= 7 2 Ye 
tan 37 tan 3 (iter. cos 4) ’ 
where powers of e above the second are neglected. a 
39. If in the equation sin (w—6)=sin w cosa, 6 be very small, prove F 
that its approximate value is te 
2 tan w sin? (1 — tan? wsin?2). = 
2 2 65 
- 40, If ¢ be known by means of sin ¢ to be an angle not > 15°, prove 
that its value differs from the fraction ~ 
28 sin 26+ sin 46 i i 
12 (3 + 2 cos 24) oe 
by less than the number of radians in 1’, 
: m43 
as 40. Es. Prove that the roots of the equation “ 
o ssceccecceesccovesorees (1} 
: ~/_-. nS 828 —472-de+1=0. - (1). YQ 
are cos=, cos, and bare: : 
>- q it 
3x br _ 1 
aie bo aaceocene (2 
Nand hence that cos = + 608 7 +608 = F.-ressenrerses (2) 
: 2 ay 
ss f, XS cos 7 cos = + cos cos = + cos = cos 7= - i seaeeesee (3) 
7 ca 3a 5a _ 1 
= < cos — = a sensee ees (4). 
and COB COB COB 7 = — F can neescereeee (4) 
- nes First Method. Let y=cos @+4 sin 6, where @ has either of the values 
NP) a 84 be or llr ats _\4 
a Sem a a» a and —— : \ 
q’ 7° 7? La iid 7 e vo 7 }" 
‘ yt 
Then y’=cos 76+isin 70= -1, vu 
i.e. (y+1) Yo-yo tys-yty?—-y+1=0. ; 
Now the root y= —1 corresponds to the value @=-. fe a f 
f. MA Tay / 
e 4 is 4 Pe ie é : 
4 a Pe _ 1 tO ty 7 
7 ee eae ee ri Ov" 
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The roots of the equation 


yo yh yt — Pty? —Yt1HO w.ccccscccsssseeeee (5) 
are therefore coos 6+isin 6, where 6 has either of the values 
*®, w 38e Se OF Ile 137 
, OC ee ee ae 
Pat —-2e=xy + tacos o+isind : 
, PU i a +781n + cos 04 iin 6 


=cos 6+ sin 6+ cos 0 -i sin @=2 cos 6, 


1 1\3 
so that += (v+3) ~2=422-2, 


and ve 1 =(u+5 ) {(y+3 5) -3} = 825 ~ 62. 
On dividing sees (5) by y3 it becomes 
1 1 1 
B+ (yt ) ( +5)-1=0 
ar (v F) tty ‘ 
te. 8x8 — 429 — 4541 =... eccsessceseeeeee (B)e 
The roots of this equation are 


v 3m 5x or 11 
T 137 
coat, cos -7-, cos >, sos , cos = and 008-7 
. 18x 11 3 
Since ; 008 =>" =o08 008 ~" = cos 7 
Sar 5 
and cos 7 7008 7 


the roots of (6) are therefore 


Ber 5 
cost, cos, and cos—~ 


7? 
We then have 
ca 3a br 4 1 
cos 7 +087 tees | = E=5, 
= 3x 3x 5a 5x wr 4 1 
008 7 cos 7 +08 J 008 7 +008 — cos 77 e773 
/* and 3x bx 1 


08 5 08 “7 cos = 3° 


Wiens “The equation 
(cos +i sin 0)’ = -1, 
he cos 76+isin 76= -1 
L, T. 1. 4 


witdicitedestese ooo 0 )y 
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is clearly satisGed when @ has either of the values 
r, Fs, , UE, and BOE incsestcrsal@)e 
Writing ¢ for cosé@ and ¢ for sin @, the equation (7), on being ex- 
panded by the Binomial Theorem, becomes 
c? + Tic8s — 21c%s? — 85ictss + B5c%s* + Qlicts® — 7cs® — is? = —1, 
Equating the real parts on each side, we have 
— 21c5s? + 35c%s* — 7es®= —1, 
Putting s!3=1-c%, we see that the cosine of each of the angles (8) 
satisfies the equation 
64e? ~112c® + 56c8 — 7o+1=0....ccccsceeereseee (9) 


te. (+1) {8c8 ~ 4c? ~ 46+ 1}2=0 ...ssssscsseeses (LO). 
But 
Z 137 llw_ 39 or br 
cos m= —1, cos “7 =coaz ‘ 008 =" =c0s and cos es 


80 that the roots of (10) are —1 and cos 7, cos =, and cos = 7 the - 


latter three being twice repeated. 


Hence cos ; » COs + and cos are the roots of the equation 


8c? — 4c? -— 4e+1=0. 
But this is equation (6). 
The equation (9) may also be obtained by putting n=7 in equation (2) 
of Art. 49, which is in the next chapter. 
“nina Method. When only a small number of angles are introduced 
he equation (6) may be easily obtained without using imaginary quah- 
tities. 
Let @ denote any of the angles (8). 
Then 76=an odd multiple of z.. 
“2. G08 40 = — cos 30, 
i.e. if cos @=c, we have 
2 {2c7_ 1}2-1= — {4c8~ 3c}, 
ie. 84 — 8c3+ 1 = 3e — 4c’, 
4.€s 8ct+ 4c5 — Bc? - 3¢+1=0, 
ie. {c+14) (8c5 — 4c?- 4¢+1)=0. 
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Hence as in the Second Method the roots of 
8c3 — 4c? 4e+1=0 


cos = ooae and dose 
are aD 7? 7° 


41. From the preceding article we can obtain an equation giving 


Tr 3a 3 or 
sects sec? => , and seo? . 


_ In equation (6) of that article put 3e=y and therefore a . It 
vy 


then follows that the quantities 
wT 3a bar 
seo* . seo, and seo? 


are the roots of the equation 
1 4 4 
8s—- _*_.— +1=0, 
yly yy , 
or, on rationalizing, 
y® — 24y9 + 80y — 6420 0... ccsceceresecoseee (1). 
_ Again, putting y=1+2, then, since sec*@—1+ tan? 6, it follows that 


are the roots of the equation 
(1+ 2)*— 24 (1+2)9+80 (142)-64=0, 
he #9 — 21294 852 — 70 0... cccccsccccscsserceee (2). 
The equation (2) may be easily obtained directly. 
For, if @ stand for either of the angles 


w ln 34 4a Be Gr 
A a i aie a 7 and ™, 


then tan 7¢=0, 
i.e. by Art. 30, 
T-7C,. O+7C,. 70,17 =0, 
or 7-218+358-72=0, ~ 
te. #8 2166+ 3509-7} 0 oe secssssecees (3)e 
But 
tanz=0, fan - tan = tan dn Stn and tan ane —tan ey 
7 7 7 7 q ye 


4~—2 
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The roots of (3) are therefore 


e 


3a 53 
0, + tanZ » = = 
aD 7 tan 7 and +tan 7° 
Hence, putting t?=z, the quantities 
tan? = ; 


tan? * , and tan? x 
are the roots of (2). 


EXAMPLES. VL. nk, 
], Prove that 


~ gppseee ne Aichi 


| 3 
¢ 
8 
“Z- 200s") (=- 2cos =) - 2008") («- 2 cos — 
(Sa ( 5 
— = a+ 223 -2?- 224+], ss J 
Lae Fiore that the roots of the equation v4 
x / 
Y ax 82+ 422-42 -—1=0 are cos =, cos, and cos 
etre 2 4 
“ Re dint 
x 3. Prove that sin 7? sD 7 


and sin — are the roots of the equation 
7 wa 
NT a WT 
as — oO at 8 =0. 


Prove that 
1 1 
>< 4, ee a eee 
4-200 deat 4— sec? — 
7 7 ~ 
Qa 3r 4r 19 
4m 4.28 4 “> =i 
wv 5, ea 9 + 008 > t 008 Té° 
4 2 3° 7 I 
B' 3 (6-060 ™ + soot 2 + soot + soot = 1120. ' 
oa oe 7D 9 


: - 9 & 
a OPS eomee a 











ad cos J + cos 25 ; : 
J Trt 8 Tt 8% Ti Tl 2° Pos 4 
4 8¢ Form the equation whose roots are \ 
* 
ze . - 9 22 2 37 240 25 ” 
; as Pg Bs Se a li’ 
: a> V [Commence with equation (3) of Art. 30. J 
ee tig 





(Exs. VI.] EXAMPLES. 


Prove that 


a “cot! * li + cot? 2 li 7 +00t? ie + cot or it cot? = 


ye 


‘X0, sec? it sect + sec? aoe aa? ed + sect = 60, 


11 11 ll 
or og ®, 187 _v/13-1 
11. ei, oe Sadie Saas 
14 229 -/13-1 
12. cos “VF + cos Tz + 008 7g 
Tr llr 137 1 
13. 008 + cos [5 t 008 Tes +98 Tg =-5- = 
14 Prove that sin a is a root of the equation 
; 6428 - 8024+ 247?_1=0, — 
t/ 0 | 
; ®t 





CHAPTER IV. 


EXPANSIONS OF SINES AND COSINES OF MULTIPLE ANGLES, 
AND OF POWERS OF SINES AND COSINES. 


(On a first reading of the subject the student is recommended 
to omit from the beginning of Art. 48 to the end of the chapter.) 
42. In this chapter we shall shew how to expand 
powers of cosines and sines of an angle in terms of cosines 
and sines of multiples of that angle, and also how to 
express cosines and sines of multiple angles in terms of 
_ powers of cosines and sines, 


Throughout the chapter n denotes a positive integer. ; 
(W “a 48. Let @ = cos @ +1 sin 0, so that 


1c OS in dg isin 8. 


Hence a+ t= 2 cos 8, 
1 see 
and @ ——= 2isin 0 
a ¢ 
Also, by De Moivre’s Theorem, we have * 
= cos nO +7 sin 06, : 
and J = 008 nd — é sin nO, 
1 
so that a + * =2cos 7, 
and a — os 2i sin nO, 


a” 


EXPANSION OF SIN® 6, Fu 57 


Case I. Let n be even, so that the last tebn ir in athe tee 





expansion is 4 *> - 
+3, ond ®=(-1)4, oe 
| The equation (1) is therefore 
2n(-1)3 sin” 6 = a” — nan = i ras ee) 1) an = Sistas 
fe ee ae ae 
= (= + 5) —n (a + x) + 2@—)) (a + wis) 


Poeeee 


= 2.cosn@ —n.2 cos (n — 2)942%—1 


as in Art. 44. 


= 
*. 2° (— 1)? sin® 0 =cos n6 — n cos (n — 2) 6 
§ OED von W855 108). 
1.2 

. Since n is even, there are an odd number of terms in 
(2), so that there will be a middle term which does not 
contain # This: term, on being divided by 2, will be the 
last term in equation (3). 


nn 
This last term could easily be shewn to be 5t- ~1)2, Ee 


Case II. Let n be odd, so that the last term in the 
expansion (1) will be 
%-1 


-5, and mei, mw =4(—1) om 
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The equation (1) then becomes 





n-1 

‘ — .: 1, n(m-1) 1 
in aS 2 NO =~ ner = n—2 
27.4.(—1) 2 .sin®O0= 2" — nx seed lo "SB 
n(n—1) 1 1 1 

seston 9 OO aa i 

1 i 1 n(n—1) 1 
= (0m) —0 (et gs) +g (as) 
Séeses rere Cs 


Now, by Art. 43, a — a = 22sin nO, 
a 


ara — 2, = Bisin (n—2)6, 
Hence (4) becomes 
n-1 
2",.4.(—1) ® sin® 0 = 2isin nO —n. Qisin(n—2)0 
(=I) 95 sin (n—4) O— oon 





+-T2 
n-1 
so that 2-4 (—1) ® sin"@ 
=sin nd —nsin (n—2) 0+ "G—") sin (n—4) 0 abet 
Bee OT gnats (5). 


Since n is in this case odd, there are an even number 
of terms in (4), 80 that (4) can be divided into pairs of 
terms, and there is no middle term. The last term in (5) 
therefore contains sin 0, 





This last term could easily be shewn to be (~ yr — — sind. - 
2 2 
47. ix. 1. Expand sin® @ in a series of cosines of multiples of 0. 
We have 2FiPsint o=( -: 
1 11 


=a — 624+ 1522 204+15.5-6. 54 a 
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“go that —2¢sin’ = 42) ~6(2t4+) +15(22+3) 20 


=2 cos 60-6 .2 cos 46 +15. 2.c0s 26 - 20, 
 —2>sin® @=cos 66 — 6 cos 40 + 15 cos 26 — 10. 


Bx. 2. Expand sin! 6 in a series of sines of multiples of 0. 
7 
We have 27 #7 sin? @= (« ~ 5) 


1 1 11 
~ Tx8 + 212? - 8524 85.>-21.447.5-5 


1 1 1 1 
= | Sensi poe a . ~ 85 a= 
=(« z) 1(# 5 +21 (2 3) 35 (2 :)- 
fo 97 4. sin! 0=9i sin 76-7. 2i sin 50421 . 2i sin 30 — 35. 2isin 6. 
4-28 sin’ @=sin 76-7 sin 59+21 sin 30 — 35 sine, 


‘Ex. 8. Expand cos* 6 sin’ @ in a series of sines of multiples of 0. 
We have 
1\" 


8 
2° cos? 6= 2+) » and are sin? 0 = ( pasa ee 


Hence 213 . 7 . cos® 6 sin? @= 2-5) (#-3)' 


=| 210 —- 52° +1027- 2 +5,- “lL 245] 
=(e2-4)_2 (201) _4 (2s 10 (25-1 
ze Zz 4, + vm 


+5(=-4)-20(x-2). 
Hence, as before, we have 


~ 2 cos’ @ sin’ @= gin 129 ~ 2sin 100 — 4 sin 86+10 sin 66 +5 sin 46 
— 20 sin 20, 


EXAMPLES. VIL 
Prove that 


1, sint @= 33 fein 50-6 sin 30+ 10 gin 6}. 


2. cos? o=s G [eos 90-+-9 cos 78+ 36 cos 504.84 cos 36+ 126 cos 6]. 
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8. cos! a= 


; : 
5D [cos 10 + 10 cos 86 + 46 cos 68 + 120 cos 40 + 210 cos 26+ 126]. 
4, sin? @= zs [cos 86 — 8 cos 66 + 28 cos 46 ~ 56 cos 26 + 35}. 


sin? 6= as [sin 96 — 9 sin 76 + 36 sin 50 — 84 sin 30+ 126 sin 6}, 


2° sin*@ cos?@=cos 66 — 2 cos 46 — cos 26 +2. 

26 sin5 @ cos? 6= sin 76 — 3 sin 56 + sin 30+5sin 6. 

— 2! gin’ @ cos? @=sin 110 + 5 sin 96 +7 sin 76 -— 5 sin 56 - 22 sin 30 
—14 sin 0, 


DID om 


sin nO 
#% 
48. To express 6 





in a series of descending 
powers of cos 0. 
If « be <1, we have 


as eentin 6+asin 20+ 2*sin 30+... 


+o sin nO +... ad inf. ..... vo (1). 
This may be shewn by multiplying each side by 
. 1 — 22 cos 6 + 2, 


when it will be found that the right-hand member will 
reduce to sin 8. 
A more rigorous proof will be found in Chap. VIII. 
Equating coefficients of 2” in (1), we have 
ad = coefficient of 2— in [1 — 2a cos 6 + 27] 
= coefficient of 2 in [1 —a (2 cos @ —x)]7 
= coefficient of 2” in 
14 @(2cos 0 — #)+ 2 (2 cos @ — a)? + ....06 
+ 2 (2 cos 6 — x)** + a” (2 cos O— x)? 
+ a" (2 cos 8 — 2)" + a” (2 cos 0 — x)" + ...... (2). 
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Now covfficient of 
2” in x (2 cos 0 — x)" =(2 cos gr, 
coefficient of a“ in 2-22. cos 9 — x)" 
= coefficient of w in (2cos 0 — x)" 
= —(n—2) (2 cos 6)", 
coefficient of a in 2" (2. cos 0 — x)" 


= coefficient of a* in (2 cos 0 —x)-* 
_ (n—3)(n—4) 
= ans cae (2 cos 6), 


and so on. 


Hence, from (2), picking out in this manner all the 
coefficients of a, we have 
sin nd pages is 
mo” (2 cos 0)" (x — 2) (2 cos @) 


+ f-)e-9 (2 cos 0)*-* 


(n— 4) (n— 5) (n~6) a, 
. 7.3.3. (2 cos 0) + 
n-1 
If n be odd, the last term could be proved to be(-1) * ; ifnbe even, 
it could be shewn to be (- 1)?" (nc08 6). 
**49. To express cosnO in a series of descending 
powers of cos 0, 
If « be <1, we have 


1-2 
1—Ss008 0a = 1+ 22 cos 6 + 227 cos 26 + 22° cos 30 +... 


se + 22” cos nO +... ad inf. ...... (1). 
This may be shewn by multiplying both sides by 
1 — 2a cos 6 + a, 
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when it will be found that all the terms on the right-hand 
side will reduce to 1 — a’. 

A more rigorous proof will be found in Chap. VIII. 


Equating coefficients of 2” on the two sides of (1), we 
have 


2 cos n@ = coefficient of 2 in (1 — 2*) [1 — 2x cos 0 + 2°] 
= coefficient of 2 — coefficient of 2 in 
{1 —#(2cos0—«)]7 
= coefficient of «* — coefficient of a in 
1+ (2 cos 0— x) + a°(2cos 0 —a)'+... 
coe + 2 (2 cos 0 — x)" + a1 (2 cos 9— x)" 
+ a (2.cos 6 — 2) + a*4 (2 cos — a)" +..,, 


Picking out the required coefficients as in the last 
article, starting with the term 


a” (2 cos 6 — x)", 
we have 2cosn0 


= (2 cos 6)" — (n —1) (2 cos 0)" 4+ ones (2cos 6)" 
— 3)(n—4)(n — 5) or 
= Go oi Seno) (2 cos 8)" + .eseee 
- [e cos 9)"~? — (n — 8) (2 cos 0)" 
42-9 E—) (9 cos 6)"-* — see 
=(2cos 6)"—n(2.c0s8)"-? + [32 +(n-8)| (2cos6)y"* 


a [fe + C= OE) cosy eats 


\ 
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- so that, finally, P 
2 cos nO = (2 cos 0)" — n (2 cos 6)" + ses) (2 cos 9)"—~ 
_ n(n 
Tag (2 cos 0)" 4+... oe 
The last term could be shewn to be 
n-1 n 
(-1) ? .n. (20088) or (~1)?.2, 
according as n is odd or even. 


sinn@ . ‘ j 
> wn @ series of ascendin 
sin @ of 9 





**50. To expand 
powers of cos 0. 
As in Art. 48, we have 
sin n0 


in @ = Coefficient of 2" in [1 — 2x cos 6 + a2] 
sin 6 


= coefficient of 2 in [1 +a (@ — 2 cos 6)]> 
= coefficient of a in 
1 —a@ («@—2 cos 0) + a4 (a —2 cos 0)? —...... 
stoves + (— 1) ao (@ ~ 208 0) +... (1). 
Case I. Let n be odd, so that (n — 1) is even. 


The lowest term in (1) which gives any coefficient of 
#— is then that for which 


n-—1 


r= 





Hence, in this case, 
sin nO : : 
win 9 ~ Coefficient of a in 1 ~ & (x —2 cos 0) +... 


n-1l n-1 


+(-1)? 2? 


nal mt nti nti 
(w—2cos@) 2 4+(-1) 2 @ 2 (a—2 cos 0) 2 


a+3 n+38 n+ 


n+3 n+s 3 
+(-1)3 «2 (w@—2cos@) 2 +,...,. 
+(— 1) a (@ — 2 cos 6) + 
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Picking out the required coefficients as in Art. 48, we 
have 














0 = (- 1) F4(nF _— (— 2 cos 6) 
n43 ntl n-1 2—8 
+(- 7. 2 Ter (— 2 cos 6) + 


+ (2 cos @)"—, 
Hence, finally, when n is odd, we have 





18) sin nd n?— 1? (n? — 1?)(n?— 3”) 
Spy ee ee as ee Se? 
(-1)?., ae 122 cos? 8 + 7 cost 8 


iter 1 16 E28) cos* 8 — ....., 
+(- Dt (2 cos 6)"—.........(2). 


Case II. Let n be even, so that n—1 is odd. 


The lowest term in (1) which gives any coefficient of 
a" is then that for which 


_n 
2° 
Hence, in this case, 
pa = coefficient of 2 in 1 — x (a —2cos 0) +... 
sin 6 


non 2 m1, 2 a 
+(—1)* @*(@— 2 cos)? +(—1)2** a2" (@—2 cos 6)? * 


a ” 
*8 pat? (@ — 2 cos 2"? + 


+ (— 1) a7 (@ — 2. cos 0)" +... 


#(-)? 


 +(-1F 


SIN nO 
BIN 0 
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Picking out the required coefficients, we have 
sin 70 
sin 6 


nm 
+(-D", G+) @G-1) (—2 cos 6)° 


17 n nr[n n 
Maa (5+2)($+1)3(5-1) (5-2) 
; 1.2.3.4.5 : 
tb cseccceeseee + (2008 J), 


Hence, finally, when n is even, we have 





=(— 1)3 2 (— 2.008 0) 


(—2cos 6)° 


= +1 sin nO 
1)" and 


n(n? ~ 2?) n(n? — 2?) (n? — 4°) 
Ge ene ae 





=n cos 0 — 


cos’ O + cos’@ 


t 


Sank ye @isks cas EC) 


N.B. It will be noted that equations (2) and (8) of this article are 
simply the series of Art. 48 written backwards. This is clear from the 
_ Method of proof, or the statement could be easily verified independently. 


#51, Zo expand cos n@ in a series of ascending 
powers of cos 0. 
As in Art. 49, we have 


2 cos nO = coefficient of a — coefficient of a in 
(1 — 2z cos 6 + 2) 
= coefficient of a” — coefficient of 77-2 in 
1—a(z—2 cos 0) + a? (@ — 2cos 0) --....., 
sin hess +(-ly a (@—2 cos 6) +... -.(1), 
LT. 5 
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Case I. Let ” be odd, so that n—1 is even. - 


al The lowest term in (1) which will give any of the. 
c 


coefficients we want is that for which 

n—-1 d 
2° i 

Hence 2 cos n@ = coefficient of a” — coefficient of a* 


T= 





in 
n-1 ne 
1l—a2(«x—2cos6)+.. +(-D = oe 2.008 8) ' a 
ntl ntl ntl n+3 n+3 nt+3 
+(—1)® & ? (@—2cos6) * +(—1)? « = (a —2cos@) = 
Hivciesesss + (— 1)" 2 (@ — 2cos 8)"...008 


=(- aaa 




















—~p2 | 2tl s - > 
+(-)) = ox — 2 cos @) Cos ( ease ; 
n+3 n+1 n—-—1 
nts} 2 °° 2 
+(-1)? 1.2.3 (— 2.0086 
+3n+1n—1iIn-3n—-5 
er ee ae Ga ee : 
7 T.2.3.4.5 (2.90818) 
fF sessecsescnseee + (2008 8) 
nol 
. (—1) 2? .2cos nd &. 


=cos6[(n—1)+(n+1)]-CEYO“D cossof(n—3)+(n+3)] ¥ 
ee ea O[(n —5) + (n+5)] + oo 


+(-1) * (2 c0s of 


a 


e 
isoy 
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Hence the principal value of the logarithm of a —— 
negative quantity —a (with our extended definition) is 
equal to the ordinary algebraic logarithm of # added 
on to 7%. 


86. Logarithm of a quantity which is wholly imagin- 
ary. In the result of Art. 83 put a= 0, and we have 


| Log (8%) = 2nwi + log, B +4 3 
: = log. 8 +i(2n +5) T, 

_ 80 that the logarithm of any quantity which is wholly 
imaginary consists of two parts, the first of which is real, 
~ ‘and the second of which is imaginary and many-valued. 
As a particular case, put 8 = 1, and we haye 


Log (V1) = (2n + 3) 7, 


so that the principal value of Log (v —l)is 5° 


: 2 87. In the result of Art.’83 put 
«= cos @ and 8 =sin 0, 
"Log (cos 6 +4 sin 6) 
=log,1+%(2nr + 8) = 01 + Qn, 
«. Log e% = 644 nai, 


The principal value of Log e”, i.e. log e%, is therefore 


that value of (6 + 2nm)i which is such that 6+ 2n7 lies 
between — a and + 7, 


LT. IL 7 
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88, Ex. 1. Resolve into its real and imaginary parts the expression 
Log sin (x + yi). 
Let Log sin (z+ yi) =u+vi, so that 
evtt= sin (x+yi)=sin cos yi +cos x sin yé 


, - vtev . v—ev 
=sin 2 —p— +i cosz Qteeteeneereereseasee (1) 








As in Art. 18 let the right-hand side of this expression equal 
[cos (2nr + 6) +i sin (2nz + 6)], 


Vpev\3 Yoe-v\a 
r= +n/ sint 2 (225) +ooste (“5*") 


=40 (e+ e-%) —2 cos 2r 


=4 ./2 cosh 2y— 20s da=a / coe ty — S082, 


and 6=tan-? [cot 2 F z 


so that 





Whe as = tan“! (cot 2 tanh y], 


with the usual restriction of Art, 20, 
‘We have then from (1) 


e“ (cos v +t sin v)=r [cos (2nr +6) +7 sin (2nx +0)). 
Hence e*=r, so that u=log,7, 
and v=2nw +0. 
« Log sin (2+ yi)=u+vi=log, r+ (Qnx+ Oye 
_1 log, c= 2y= cos 22° 


+t[2nx + tan™! (cot ¢ tanh y)). 


By putting n equal to zero, we have the principal value of 
Log sin (+ ty). 
Sx. 2. Find the general value of Log ({-3). 
Let 2+yi=Log (—3), so that 
ertui= —8, 


Put — 8=r {cos (2nr+ 6) +é sin (2nx+6)}, 
as in Art, 18. 
Then we have r=3 and @=-7. 
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Hence 8 {cos (2nx +x) +i8in (2nr +7)} 
merttvt=et. evl=ez {cosy +i sin y}. 
Hence e*=3, so that z=log, 8, and y=2nx+-%, 
“ Log (~8)=log, 3+ (2nr + m) t. 
The principal value, obtained by putting n equal to zero, ig 


log, 3 + xi. 
EXAMPLES. XIIL 
Prove that 
. 1, log (cos 6+¢sin 0)=16, if ~r<0},r, 2. log(-1)=7i. 


8. log(~ a) = ~ Fi, 
, & log (1 +cos 26 +4 sin 26) =log, (2 cos 6) +16, if ~r<Op-a, 


oe 5. log tan (7+§4)=¢tan sinh 2. 


/ 7, log me- =2i tan (cot z tanh y), 


H cos (z ~ yi) 
8. log ooa (e+ yi) = 2i tan“! (tan z tanh y), 


i 
Genome an 1 
9. i loge w~2tan—1 zg, 


Ao, log (1+ tan a) =log, seca + ai, where a is a Positive acute angle, 


11, log (5 = =loa. (5 cosees) +4 (5 - 5) 


atbi_.. 40 
12. log 7 = 2 tan z 


13, Log(- 5)=1og.5+ (2nw + x). 
14, Toe (1+ 9)=5 log, 2-+4 (ane 2), 





15. Find the value of log log sin (x+yi), 
7-2 


. log cos (z +yi)=} log, (San Pa coe 2 ~ttan“! (tan tanh y). 


fe 
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» 


~ 89. Definition of a* when a and x are any 
quantities, complex-cr real. When a and @ are real 
quantities we know that 


at=e"",0, (Art, 5.) 


When a and @ are complex the ordinary algebraic 


definition of a* no longer holds. 
Let us so define it that 
a® = elena, 


‘for all values of # end a whether real or complex, 

Now, by Art. 83, Loga@ is many-valued and complex 
when a is complex. Hence a* is many-valued and com- 
plex, so that 

a?*= ex Lora ae @% (nwt+loga) 


The value of a* obtained by putting n equal to zero is 


called its principal value. 
Hence the principal value of a? 


= etloea : 
= 1d elog a+ (ogay + (by Art. 56), 
From Art. 59 it follows that if principal values be considered we 


have a* x a” =a**+, so that the principal value of a” satisfies the ordinary 
algebraic law of indices. 


90. It may now be shewn that, if y be complex, 


1 1 1 3 
log t+y)=y-gV¥+g¥—Gyt vesees ad inf, 
The proof is similar to the proof when y is real. 
(Art. 8.) 


It is, in general, necessary that the modulus of y be < 1; 
otherwise the Binomial Theorem does not hold for com- 
plex quantities. (Art. 26.) 





. Pw 4 
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If the modulus of y be equal to unity, so that y may be put equal to 
cos ¢+isin ¢, the expansion can be shewn to be still true, except in the 
cases when ¢ is equal to an odd multiple of x. 


Since Log(1+y)=2nmi + log (1+ y), 
we have 


1 , Log $y) = Mami ty —F Pt GY — GY + oereead inf, 


eo; ‘ 91. To separate into tts real and imaginary parts the ? 
; expression (a+ Bir + + 4p + € & 78 
yp / — Let a+ Ri=r(cos 6+ isin 6), 
so that, as in Art. 18, 


r=%Va?+ 6}, and o= tan, 


3 Then, by definition, 
(a+ Biv = ett) Los (oth 
% ss gletatt flogia+si)+2mety 
= eletyi} flogr+ (6-+2mm)¢} 
= eftlorr—y(0-+2mm)}+6{ylogr+-a(0-+3nva)} 
a= gtlogr | g-y(O+ime) | gil{ylorr+z(0+2mm)} 
= 77 ,e-ve+Imn) [cos {y log r+ «(8 + 2mz)} 
+ tain {ylog r + a (0+ 2m7)}}. 


If we put m equal to zero, we obtain the principal 
value of the given quantity, viz. . 


re [cos (y log r + 06) +4 sin (y log r+ a6). 
- "92, Bx.4. Find the general value of [,/21V-1, 


We have [nf ~i “l ae =1los /=1, 
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But Log J -1=Log [ eos (2nr+ 3) +isin (20m + 5] 
wy. 
=Loge (2n2-+5) ‘= (200+ 3) i. 


Se If -1]¥-le (200+2) #_,-(2n0+2), 


where n has any integral value. 
ae wT 
The principal value of [,/—1]V 7} is e~3. 


Ex. 2. Find the general value of Log,(—3). 
Let Log, (—3)=2+yi, so that 274+1= — 3, 

te. @ (=) Log? — 3 {oos (2mm +m) +i sin (2n7+7)} (Art. 20). 
But Log 2=2nni+log,2, and 3=¢*, 


gs. het yi) Onmitlog.2)_ glog,s | ¢ (2mm+n)é, 


(2+ yi) (2nri + log.2) =log,3 + (2mm +7) i. 
Equating real and imaginary parts, we have 
«log, 2—2nwry =log, 3, 
and a2. 2nr+y log, 2=2mr+m. 


Solving, we have 
= 108. 3 log. 2+(2mx+m).2nr 
(log, 2)?+ 4n2x? , 


__ (2mm +7) log. 2 — 2nx log, 3 
= loge 2) ae 


Hence Log, (- 3) 


~ ileg. Blog, 2+ 2n (2m+1) 73} + iw { (2m +1) log, 2 — 2n log, 3} 
(log, 2)? + 4n?2? 


and 


If m==n=0, the principal value is obtained, viz, 


log, 3+a% 
log,2 ° 
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93. It could now be shewn that the general values 
of the logarithms of complex quantities satisfy the 
ordinary laws of logarithms, viz. 


Log mn = Log m + Log n, 
and Log 2 = Log m — Log n. 


It could also be shewn that Log m" =n Log m+ 2Qprri, 
where p is some integer or zero, The proof is left as an 
exercise for the student, 


EXAMPLES. XIV. 
Prove that 
1, ate?” {00s (log a) +i sin (log a), 
. i%=¢cos {(2m+5) ral +isin (245) ral PY 


3, =cos 0+ isin 8, where 


o=(2m + 3) wT. e— (200 #3), 


be 


4, If edit _ 4 +Bi, principal values only being considered, prove 
A B 
> =F: and A?+ B?7—e—7B, 
5. Wftthtogy Bi, prove that 
a2 + 62 e—(4n+1) =p, 


tan 


1 +i) P+ : 
6, If Gidea bi prove that one value of tan-} g is 


1 
gPrta log. 2. 


% If (4+ bi)?=m*4, prove that one of the values of ¥ ig 
z 


2 tan! 4 
a 


fog. @ +5")° 


104 TRIGONOMETRY, [Exs. XIV.} 


8. eae principal values only being considered, 
prove tha 


1 
a=52 logs (x? + y?) —g tan-1¥ loga é, 
_9 Wt 
and that log, (27+ y?) =2 aed . 
9. Prove that the real part of the principal value of (i) !s0+# fg 


Badd . 
é 8 cos € log 2). 





10. Prove that the principal value of (a+iby*t8 ig wholly real or 
wholly imaginary according as 


1 
58 log (a? + 54) +a tans 
is an even or an odd multiple of = 


Os “U. Prove that the general value of 
(14 i tan a)7é 
is e+ 2m [cos {log cos a} +i sin {log cos a}}, 
atacttiy\Athi_ i 
12, If (fey =X+iyY, 
prove that one of the values of 


: = 2ay 4, (a@taP+y? 
= a 2 pect a4 pa ost AL 
tan is \ tan ( =a + 3 log (@-a)'+yi" 


13, Prove that Log 5 (/- Dt 


where m and n are any integers. 

14, Prove that the general value of Log, (- 2) is 

(log 2)?+m.(2n+1)a? |. (2n41—m) w log2 
2 (log 2)? + 2m2xr2 * “Blog 2)?+ 2mtx? ° 
Explain the fallacies in the following arguments: 
15, For all integral values of n we have ea 
&*7* — cos 2nx + isin In =1, 

so that era ta oi, 
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Raise all these quantities to the power ,/—1; thus 
e723 ee OT 
o Ienm4r=Gr=...... 
16. For all values of 6 we have 
cos (9 — x) +isin (6 — x) =cos (6+) +isin (8+7), 
50 that ef O—#) of Cts), 
Hence 6-r=0+72, te. r=0, 
17, If @ and ¢ be the principal values of the amplitudes of two 
complex numbers z and y, prove that 
log zy =log x +log y + 2nxi, 


where n is ~1, 0, or +1 according as 0+¢ is >, greater than -x and 
not greater than , and not greater than —a, respectively. 


CHAPTER VII. 


GREGORY’S SERIES. CALCULATION OF THE VALUE OF 7. 


4) Gregory’s Series. To prove that, if 6 be not 
an than — r" = and be not greater than +7; then 


6 = tan 0 5 tan* 8 +2 tan’ 0 —...... ad inf, 


We have 

1+7 tan 0 =sec 4 (cos 0 +7 sin 8) 

= sec 0. 6%, 
Hence, by Art. 83, we have 
log, sec 0 + 61 = log (1 +4 tan 6), 
Therefore, by Art. 90, if tan@ be numerically not 
greater than unity, we have 
log, (sec 0) + 6¢ = log (1 + 7 tan 0) 


oe reer Tg ag 
=ttand— 57 tan O+57 tan? 0 —...... 


; 1 Te See ; 
=ttan 0+ 5 tan’ @— Si tan’d a= OE cveies ad inf, 
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Equating the imaginary parts on each side of this 
equation, we. have 


0 =tan 0 -*tan*6 +} tan®O—itan’O+... ad inf. ... 
LsisteseLy: 


Since this series is true for acute angles such that the 
tangent is not numerically greater than unity it is true 


for all angles lying between the values ~F and +3 and 


also for the extreme values -4 and + i 


J 95. The series of the last article may be slightly 
transformed by writing tan @=.2, so that « must be not 
less than — 1 and not greater than 1. 


It then. becomes 
tan“? z=x—ix*+jxo—ix?+ 


oA BE KM B+ ek — ex 4+... ad inf., 


where tan— @ is that value which lies between 
w 7 
! { sie 4 rae 4 . 
~\ ¥e. Gregory’s Ry eee case of a more 


general theorem which may be enunciated as follows: 


If 6 be am angle which lies between pr -¥ and pr+7, 
both limits being admissible, then 
O— pr =tan 0 — 5 tan? 0+? tant O — sess. ad inf. 
- ac 


+ 
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For let 6 = pr + 4, where ¢ is not greater than 4 and 


not less than — i 


Then 1 +7 tand=1+4¢ tan $ =sec f (cos f + ¢ sin d) 
=sec d. ef, 
Hence, by Arts. 83 and 90, we have, provided that 
tan @ be numerically not greater than unity, 
log. sec + pi = log (1+7 tan 0) 
=ttand— ot tan? a+% tan? O— ...000 


Z 


=ttan O+5 


1, 1 1, 
tan? G—s tan? 0 +] tant O+ee tan’ é—.., 
sooseeees ad inf, 
Equating the imaginary parts on both sides of this 
equation we have 


$= tan 6 — 5 tan? 0+ 2 tant 0-0... ad inf, 
Se. O—pr=tan 0 — 5 tan’ 6+? tant 6~...ad inf... (1). 


. 97, Euamples of particular cases. 


If @ lie between = 


p=!1 and equation (1) of the preceding article becomes 


and =, te, between r-i and +i, we have 


6-w=tan 6—F tant 0+} tant 9— odstecisce ad inf. 
If 6 lio between is and =, t.e. between an—F and art+7, the egua- 


tion becomes 


lant o—...... ad inf. 


1 ta 
@- 2x =tan 0-5 tan?0+5 
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13% lle w 
or and "303 f.e, between — 3x — q and 


Similarly, if @ lie between — 
-8r+5 , we have p= — 38, and the equation becomes 


64+3x=tan 0—% tan? 0+ tant 6— coeceee-. Ad inf, 


98. If @ lie between 4 and =, or between 


7 and oe saves 
or, generally, between 
nr + ; and n+ = 
tan @ is numerically greater than unity; in these cases 
the expansion of log (1 +7 tan 6) does not hold, and there 
is no such expansion as equation (1) of Art. 96. 


99. Value of 7. One of the chief uses of Gregory’s 
series is its application to find the value of a. 
In Art, 95 put «=1, and we have 


7 11 i1éii 

47 ~3te-7tg- secee . 
1lh”AdD yl 14 

=1-(§-3)-(7-3)-(R-a) eeooe ° 
i. 4 1 

w1-2[S5+75+ast ater |. 


This series may be used to calculate aw; its defect 
however is that the successive terms do not rapidly 
become small, so that a very large number of terms would 
have to be taken to obtain the value of 
great degree of accuracy. 


For this reason other series have been sought for, 


w correct to any 
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‘100. Buler’s Series. We can easily prove that 


1 1 @« 
-1_ oe eee. 
tan 9 + tan 375° 


In Art. 95 put in succession a equal to 


1 
5 ands, 
and we have 
. _1 =i 
qm tan "5 + tan™ 
ee ae 
OB at 7: get eee 
131t%12.14321 #1421 : 
F3- 3: 98+ 5 Be 7+ Qe teense 


This series converges more quickly than the preceding 
series; but more than eleven terms of the series for 


tan would have to be taken to give w correct to 7 
places of decimals. 


101. Machin’s Series. A more convergent series 
than the preceding is Machin’s, which is derived from the 
expression 


col ay 
4 tan7 5 — tan 2 239 = 4 (Art. 240, Part I, Ex. 4). a 
ef By substituting in succession 5 and 555 x5 for z in Art. 


ati 
1 1i1 Pie 1 iit 


i= pi : Rt ie B —FRt saieeae | 


1 1 
“as aot EBage ~ eavece lt 


CALCULATION OF 7. lil 


Tr? 12 19 Jo 
ie. w=16| 15-5 igtbig—tipt dawns | 
co oo eae 
~™ [239 — 3 2399 5 9398 eer | 
2 
Now 16 x o= 32 
1 2 
16 x=. = “001024 
16 xt. — -9900009102 
= “9°10, 
4xxX,1 _ 000000977 
39399 
32010250079 
12 
Also 16 x 5. cop = 0426606666... 
16x42, = =-0000299571 
Tio" - 
16x." ~ .oooo000298 
Ti‘ 108 ~ “se 
| ee 
4 x 555 = 0167364017 ... 
0594323552 
Hanes 3-2010250079 
— -0594323552 


mt = 314159265 /27 
This is the value of z correct to 8 places of decimals. 
By taking the first series to 21 terms and the second 


series to three terms we should get m correct to sixteen 
places, 
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102. Rutherford’s Series. A further simplification 
of Machin’s formula is the ica 











1 lef 
4 tan > — tan ro pomale en 
5 n + tan 9974" 
For we have 
1 1 
1 70 99 29 
fant et 1 — = re = 1 
n’ 70 an 99 tan ee aS tan 6931 
70°99 
- 1 
= 1. 
tan 559° 
EXAMPLES. XV. 
Assuming that 
0—ne=ten 0-3 tan 0+2 tan’ 0-..., 
write down the value of n when @ lies between 
llr 134 Tr or 
Cae ieee a ae a 
19%” 2lr 3a 5x 
3. “7 and ra 4, -{Zand-7. 
lle 139 
5 = Tr and — a° 


6. Prove that 
1 1 1 
r=2/3 are ke 
7, Prove that 
w_ 2 42 1 = 
47 =3t 773 zt z es 
8. Ifa be <,/2—1, prove that 
1 1 
a= = gs i 
a(« getgt steed ad inf. ) 
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Find the value of to three places of decimals 
9. By using Enuler’s Series, 
10. By using Machin’s Series, 
> ll, By using Rutherford’s Series, 
12, To the second order of small quantities, prove that 


} Jian’ log (1 ~ 6) +tan-1 6 sin (F+0 0) =V8-1,, 


18, When both 6 and tan (seo 6) lie between 0 and My » prove that 


S- qtam e+) tone? 


-2 ae: 2 
tan™? (sec 6) jttan 3 3+E 3 


LT. 1 





lw —, 
a 


a CHAPTER VIIL Pi | 


SUMMATION OF SERIES. EXPANSIONS IN SERIES, - 


103. WE shall now apply the results of the preceding 
chapters to the summation of some trigonometrical series, 
The chief series may be divided into four classes ; 

(1) Those depending for their summation on a 
Geometrical Progression ultimately, 

(2) Those depending ultimately on the Binomial 
Theorem, 

(3) Those depending ultimately on the Exponential 
Theorem, including, as sub-cases, the Sine and Cosine 
Series, : ‘ 
and (4) Those depending ultimately on the Logarithmic 
Series and, as a sub-case, Gregory’s Series. 


104. In Arts, 105—108 we shall sum one example of 
each of these classes. It will generally be found more 
convenient in summing one of these series involving sines 
of multiple angles (such as sina, sin 2a, sin 3a ...) to also 
sum at the same time the companion series involving the 
cosines of the same multiple angles 

(ie. cosa, cos 2a, cos 3a...) 
The method will be best seen by a careful study of the 
following four articles. 


7 4 


cA 





EXPANSIONS. .. . {27 


Since 2 cos 0 = e% + 6%, . 
we have c 44 
log (1 — 2a cos 8 + a*) = log [1 >a (e* +e) + a] 

= log ((1 —ae*) (1 —ae-*)]V 
= log (1 — ae*) + log (1 — ae) 


= 1 ap20t __ 2 3, a 1 4 _— 
= — ae" — 5 are 37 que Seeuee 


—ae% — ; are 26 _ ; ate—Set _ 


=—@ [e* + e*] = ; a? [e + ee] 3 x a® [e%% + e~36r] 


=~ 4.2008 — 50%. 2.08 20-1 at. 2 cos 38 ...0. 


=—2 [« cos 6 + Sat c08 26 + 2 a¥eos 30+ suse 


The expansion of log (1 — ae") is legitimate, by Art. 
90, if the modulus of — ae” be less than unity. 
Now —act=a {cos (7 + 8) + isin (3 + 6), 
‘80 that its modulus is equal to a, Hence the above 
expansion is legitimate provided that a is less than unity. 
The expansion is also legitimate if a be equal to unity, 
Provided that @ do not equal an even multiple of a. 


It is also legitimate if a be equal to -1 and 6 do not 
equal an odd multiple of x. 


111, Ex. Lapand 
1—a? 
1 — 2a cos 6 + a3 
in a series of ascending powers of a. 
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We have 
1l-@ as 2 — 2a cos 6 
1 — 2a cos 6 + a? i 2a cos 8 + a? 
2—a(e% + e-%) 
1l—a(e® + e-%) + gt 
2—a(e% + ¢e-%) 
(1 — ae*) (1 — ae) 


1 
mest ie ag a 
=—1+(1— ae%)4 (1 —ae-%)- 
=—14+1 + ae%+ ae +a%8% 4... 
+1+ae% + are + gte-3% + 1, 
=1+ a (6% + e-%) + a9 (9 4 eM) 4, 
= 1+ 2a cos 6 + 2a? cos 20 +- 2a? cos 30 +... ad inf. 
The expansions of (1 — ae)“ and (1 — ae~*)— by the 
Binomial Theorem are legitimate if the modulus of ae be 
less than unity, ie. if a be numerically <1, but not 
otherwise. (Art. 26.) 
The above series is the one assumed in Art. 49. 
Similarly we can deduce the series of Art. 48. For 
we have 





2a sin 0 1 a (e% — e~*) 
1—2acosO+a? t1l—a(e* +e") +a? 
_l ac*—ae% : ees 
~ 4 (1—ae*) (1—ae) i | 1—ae% 1 —ae% 


= : (1+ ae + ae 4...) — (4 ae% 4 ate 4...) 


= 2asin 6 + 2a*sin 26 + 2a? sin 830 +...... ad inf. 
As before this expansion is legitimate only if a < 1. 


, 
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12. Ex. If snz=nsin(a+«x), expand « in a 
aeries of ascending powers of n, where n is less than unity. 
Since eo 
sin g=nsin (a+ 2) =n (sin a cos x + cos a sin 2), 
nsin a 
*. tan ¢=———___., 
1—ncosa 
.-e* nisina 
e+e  1—neosa’ 
ef _l1-ncosa+nisina 1—ne 
e* “1—neosa—nisina I—ne*’ 
. 2at =log (1 — ne) — log (1 — ne*) 





1 , 1 : 
=— f= 3 — = net — 18, 
ne gre 3 ve . 
gp til : 
+ ne +5 We tae + ovccoce 
=n (et ere) 4 Fae (ent — emt) 
+ an (emt — tol) 1... ad inf 


=n. sina +50. isin 2a+ En? Qisin Bat. 


vs a=nsina +5 nsin 2a+ pmsin Bat... ...(1). 


In this equation we have assumed x to lie between 
-5 and +5 ; if it do not, then, instead of 2ai, we should 
read 2kri+ 2ai; the left hand of equation (1) would then 
be «+7, and we must choose & so that a+k7 shall lie 

wT Tw 
between — 5 and + 3° 


As before the expansions are legitimate if n be < unity. 
LT. 0. 
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113, Ex. Eapand e* cos bx in a series of ascending 


powers of x. 
We have 
e cos bx = e*, om ae 
= ; elatbiz + ; ee-biz 
2, 
=} [2 +(a+bi)a aye ere pie: | 


+5 [2+@-v er Ges...) 
[2 
The coefficient of 2” 
_(@ + bt)? + (a— bi)” 
2 |r 


If a +b¢=r (cos a+ ‘sin a), so that 
r=+ Va? +6? and tana=2, 


with the convention of Art. 20, then the coefficient of 
_ {r(cosa+7sin a)}* + {r(cosa—tsina)}” 
- 2 |n 
cos na@ 


rn In 





by De Moivre’s Theorem, 


Hence we have 


7 
e cos ba = 1 $086.04 OO at 4 OEE atten 





where 
r=+%Vo?+ 6 and tan a=— 


This expansion is legitimate for all values of a, 6, and 
a. (Arb. 57.) 


* Boe 
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EXAMPLES. XIX. 


Expand in an infinite series on 
1 1+acos6 9, PO - 2008 (0-9) 


1+ 2a cos 04 a3° " —“1=2a cos g+a? ° 


sin @—a sin (0- ¢) 
8. "Ga copg¢+a? * 


5, esindo. 
Prove that 


4, e*°8% cos (04a sin ¢). 


a? = in? @—Je2sinae Z in? 30—... | 
6. 108 e064 ainig=4 ¢ sin? 50 sin’ 0 +5 ¢? ein sae he 


a-b 
where c=" 
7 tant eee asin Ok detain 264 a3 sin304 ad inf, 
: l-acos @ 2 3 ree 


8. $ tan-t (sin a tan 28) =sin a tan p+} sin 3a tan? 8 
1 


5 
9, If sin 6=z cos (6 +a), expand @ in a series of ascending powers 


+7 sin 5a tan’ 6+ ...... ad inf. 


10. Expand y in terms of cosa, where 


2 tan y=sin 2 cones “* cosec ==", : 





l-n 
ll. If tanz=ntany, and sian rs » Prove that 


mm. m : 
otre=y—m sin 2y +> sin 4y— > sin 6y +...... ad inf., - 


where r is to be so chosen that 2+rx—y lies between -5 and += 


3 
12, What does the series of the Preceding question become when 
1 

2? 


(1) n=cos a, and (2) arr Ta 





13. Expand log cos (F+0) in a series of sines and cosines of 
ascending multiples of @, . 
9—2 
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14 Expand log tan (G+ +5) in a series of sines of ascending mnleples 
of 0, 


15. Prove that 


(L+e% tan a) (1+e—% tan a) (1+ 6% cot a) (14 e—% got a) 
=4 (seo B+ 00s 6), 
where b= 5 ~2a, 
Hence expand log (1+ cos £8 cos 6) in a series of cosines of multiples 
of 6. 
16, Prove that 


2a cos @ 
1 - 2a sin 6+ a? 


17. Prove that 


= 2a cos 6 + 2a sin 26 — 2a® cos 86 ~ 2a‘ sin 460+4...... ad inf, 


log cos 6= - log 2+008 29-5 cos 40-+3 cos 66 —...... ad inf, 


if @ be an angle whose cosine is positive, 
18, In any triangle where a>, prove that 


b 133 10% . 
log c=loga-= cos C-5 qa cos 20 — 5 5 008 80- coos. AG inf. 


gy, have c*=a?+6?— 2ab cos C=a? (2 - 3) (a -~ e-).] 
19, Prove that the coefficient of z* ig the expansion of 

' e** sin bz + e sin az 

in powers of x is ee ee 


o 9 (a+b mn se +] : 
Ta * in 008 5 5 ~2 tan e 


20. Prove that the coefficient of c™ in the expansion of 
log (a5 + b3 + c5 — 3abc) 


ih % oe 2cos 0 |: 


(a+0)* (a nie ar 





where ~~ fan o=2} /3. 


CHAPTER IX. 


RESOLUTION INTO FACTORS. INFINITE PRODUCTS FOR 
SIN @ AND cos 6. 


114. We know from Algebra that, if P be any 
expression containing « and if the value x=a would 
make P vanish, then «~—a is a factor of P. 

Hence to find the factors of any expression P we first 
solve the equation P=0. Also if P be of the nth degree 
we know that there are only n solutions of the equation 
P=0. If the roots thus found are A, B, Yyrecees x, we know 
that a—a,#—8....... «—x are factors of the expression P 
and that there are no other factors which contain a. 

a We shall apply this method in the following articles, 
L “rs. To resolve into factors the expression 


7 


ge a” — 22” cosn +14 
We have first to solve the equation aN 
2” — 2a” cos nO +1 =0, a 
#8. a” — 2am cos nO + cos? nO = — sin? nO, 
so that we oo cos nO = $V] sin 78, . 


and therefore 


- 4 ae 
@ = [cos nO + V—1 sin nO}, he fe 
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As in Art, 24 the values of this expression are the 2n 
quantities ne are Cfo uy! " Jay 


4 


+isin 8, cos(0-+ 27) sain (6 +2), 





cos (@ + =) +7sin (@ + 2) pleeveeeacs 


oo fo + 2 — 1) 7 tisin fo 4 20— 7h 


Taking the first pair of these quantities we have the 
correspon@ing factors 


#—cos@—isin@ and «—cos@+isin8, 


or, in one factor, 
(a —cos 0)? + sin? @, 


aie. the quadratic factor 
«a8 — Qe cos 0+ 1. 


Similarly the second, third, ... pairs of the above 
quantities give as factors respectively 


of as — p— Be 0 (8 +5 =) +1, 
ve a — 20 cos (0 + = <7) +1, 


_ and at — 2 cos {0 + = 2 nae oh +1. 


Also on multiplying together these n factors we see 
that the coefficient of a” in their product is unity, which 
is also the coefficient of a” in the original expression. ‘No 
other numerical factor is therefore required, 


Armanannee 
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Hence 
7 x22 — 2x"cosn0 +1 


’ = {x?— 2x cos +1} {x*- 2x 00s (0+ =) +1} 





i {= — 2x cos (9 + =) + 1} 
a .--{x? - 2x 00s (9: =a 2 ) + a} .(1). 


_ By dividing by a” we have’ 


nae Pe amen ee oe [2+5—2 e080} {e +5 —2eos(0 +22) 
a” a“ id n/ 





a fe + 5-20 (0 + 22—* 9) ers (2). 
x n 
, ' ‘The relation (2) may be written 
ant 
am +t9 cosn@=" TI \« i — 2 cos (6+ =) 
a r=0 x n 
=n — 1 
where ” II stands for the product for all integral values 
r=0 
of r from r=0 to r=n—1 of the expression following it. 
Similarly we may shew that oe 


a — 2a? a cos nO + a™ 
= {2* ~ 2aa cos 0 + a} \e- 2ax cos (0 + =") +a} 
‘ {e*—2ace0s (0+) +<4.. \e- 2azcos (04°%== +a} 


oe rr (3). 


6-116, “The Proposition of the last article may also be proved by 
induction. 


Sats. 
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We shall first shew that anys 2 c0s na is divisible by 


oo 9 cua. 
z 


Let a" +3,-2.008 na be denoted by ¢ (n), and a+1-2c080 by 2, 80 


that we have to shew that ¢(n) is divisible by X, for all positive integral 
values of n. 
Assume that this is true for ¢(n—1) and ¢(n- 2). 
We have then, by ordinary multiplication, 


= at 2) + (4 5) - 2 cos (rn — Iyax (242) 


= {or + 5-200 nah 
+ fe*+ - 2 008 (n—2) ah ~ 2008 (n-1) a fr +2 2eose} , 
since 2 cos na +2 cos (n— 2) a=4 008 a cos (n— 1) a. 
Hence (245) x0 (n-1=9 (m) +9 (2-2) - 2.008 (0-1). 
. (0) = (243) #(n-1) -9 (m2) +20 005 (n—1) a iad (1). 


Now $(l)=24+2-2c08a=A, 
: 2 2a= : 2 f 2 cos 
and $ (2) =2° + 5 - cos 2a= | #+>—2eosa) (ato + a 


=r Z 2 cos 
= att cosa), 


so that ¢ (1) and ¢(2) are divisible by A. 
Hence, putting n=3 in (1), we see that ¢ (3) is divisible by X, 
Similarly putting, in (1), n=4, 5, 6...... in succession we see that, 
by induction, ¢ (x) is divisible by for all values of n. 


*: a4 5- 2 cos na is divisible by a+h- 2 o08 a. 


PROPERTIES OF THE CIRCLE. 137 


1 1 2r 
Again atop Peosnaxs%+;-2eoan(as a"), 
and is similarly divisible by 
1 ( =) 
@%+--2co0s(a+—}. 
z n 
Proceeding in this way we can shew that it is divisible by 
2+2-2008 (a+), Seuede 2+ 4 2008 (a+2i ter), 
= n 2 n 4 
and hence obtain equation (2) of Art. 116. é 








sry 
an 


‘117. De Moivre’s Property of the Circle: ae 
' A geometrical meaning may be given to the equation 
(3) of Art. 115. 

Let ABCD... be the angular 
points of a polygon of n sides 
which is inscribed in a circle of 
radius a, so that, O being the 
centre, we have 


¢AOB= 2 BOO= 2 C0D=...=™, 
Let P be a point within, or 


without, the circle such that 
OP=a, and 2POA=@, 





Then 
ZPOB=6+ =, ZP0C= 9442 


and we have 
PA*=OP*+ 0A*~20P. 0A cos POA 
= a — 2ax cos 6 + a?, 
PB = OP? + OB — 20P . OB cos POB 


=2*— 2az cos (8 +=) + a3, 


138 TRIGONOMETRY. 


Hence PA?. PB*. PC... to n factors 
= {as 2az cos 0+ a} a 2ax cos (9 +— =) +04 


{= - 2a” cos (o+% + — a) + at. . to n factors 
j =o" — 2a"z" cos nO + a. 
--\918. Cotes’ Property of the Circle. 
In the preceding article let the point P lie on OA, te, 
let it be on the line joining the \ 
centre to one of the angular points 
of the polygon. 
In this case 6 = 0, and we have 
PA?. PB. PC’... to n factors 
= 2 — 2a"a” + a. 
= (a" — a”)? 
’. PA.PB.PC... to n factors 
= @ — a” or else a® — 2”, 
The first of these values must be iaked when FP is 
outside the circle, on OA produced, so that # > a. 
The second must be taken when P is within the 
circle. 
We therefore have 
PA.PB.PC.PD... ton factors =a" ~a",..(1). 
Again let a, 8, 7, ... be the middle points of the ares 
AB, BOC, CD,... so that AaBBCy... is a polygon of 2n 
sides inscribed in the circle. ; 
By (1) we have 
PA.Pa.PB.P@.PC.Py... to 2n factors = a” ~a™” 





Dividing (1) by (2), we get . 
Pa. P§. Py... to » factors = a+ a”.....- (8). 
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The equation (3) may also be deduced direotly from equation (3) of 
Art. 115 by putting o= . We then have 


: 5: 
(#- 2az cos a+ «) (# — 2azxcos +0) (# — 2az cos “T +a") 
Seaees to n factors =2™ ~ 2a%z" cos w4+a"" 
=x" + Qahe” + a = (2% + a®)?, 


fe. Pa’. Pp’, Py’..,...t0 n factors = (x" + a), 


This eta (3). 
v, 


119.” 1 resolve into factors the expression x” ae 
We have first to solve the equation 


a2*—1=0, 
1.6. a” =1 =cos 2r7 + tsin Qrz, 
where r is any integer, ; 
so that a =[cos 2rm + isin Qra]” .......6006 (1). 


First, let n be even. 
As in Art. 24 the values of the expression (1) are 


2 Qr 


os ae Te 
cos 0 + 7sin 0, cos = +2sS1n ae cos +¢sin 
n 





’ 


n~-2 -. n—-Q 
+9008 —— wr + ten 





nvr... nT 
7, COS — +28In —, 

n n 
But . cos 0° +7sin 0° =1, 


nr .. nT 
and ; cos — +7sin —=-], 
n n 


ee ee 


: ectets 
Hence in this case the roots are the n quantities a 
2 re 4 ia 4, 
+1, cos iis + tan cos + an 
n n n n 


n—2 ~. n—Q 
+76 008 —— + sein 





TT. 
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The factors corresponding to the first of these pairs are 
«—1 and «+1, we. the quadratic factor 2? — 1. 
Those corresponding to the second pair are 

27 . . Qar 2r_. . Ler 

#—cos— —tsin— and w—cos— +isin—, 

n n n n 

t.e. the quadratic factor 
a — 2 cos == +1. 


Hence we get 5 pairs of quadratic factors. 


When multiplied together they give thé correct 
coefficient for «”, so that no numerical quantity need be 
prefixed to their product. 

Hence, finally, when n is even, 


a — 1 = (a1) (2* — 20 008 = + 1) (a — 20 008 = + 1) 


eae (# — 22 cos ant 7+ 1) errerrren ¢-) 5 


Secondly, let n be odd. 
As in Art, 24 the values of the expression (1) 


are now 
; as cts Qr . .. Yr 4a. . Sr 
cos 0 +7sin 0, cos - Et tain a ot. Et SiN Ts eee 














n ~. n—-3 n—1 2 ne 
eee COS w+28mn 1, Cos w+t7siIn 


The first pair reduces to the single root pa | eer ed . 
Taking the other pairs together, as before, we obtain, 
when 7 is odd, 4 
a—1 =(@-1){er— 2 cos = 41} {or — 2a cos = +1} woe 





Oe ier er aa a | OE 
ri} 


FACTORS OF 2” + 1, 141 


Hence we have 
rey 2r 
a*—1=(2*—1) u | (at — 20 cos “27 4 1), 
when 7 is even, and 
n-1 
rot 


e®—1=(e—-1) (#— 2 cos 7 +1), 
=] 
when 2 is odd. ‘ 


These formule can also be deduced from the funda- 
mental one of Art. 115 by putting né = 27, 


7020. Lo resolve a + 1 into factors. See 
We must solve the equation at 2 
a”+1=0, 
te. a= —1=cos(2ra +m) t isin (2rz +7), 


where r is any integér, 


1 
so that a = {cos (2rm + 7) + isin (2rm +-m)}” 


2rr+a .. Wwar+r 
eS +7tsin tttaeeeeeee (1). 


First, let n be even. 


As in Art. 24, the values of the expression (1) are 
TW, .. 0 37... 39 bv... Sor 

baa teen oS ase 8 cer ttsin—-, 

(n-1) 7 (n— De 
n 


eee COS ~——*~—. + 7. gin S—_ 


The factors eee to the ae of these pairs are 
@—cos~ —isin= and o— cox = +isin=, 
n n n’ 
i.e. the quadratic factor 
a ~ Qe cos = +1, 
n 


142 TRIGONOMETRY. 


The quadratic factor corresponding to the second 
pair is 
— 22 cos ox +1, 
and so on, 7 
Hence, as in the last article, when n is even, we have 


a +1 = (2 —2xc087 4-1) (2 20 008% +1).. 


w-.[a*~ 20 c08 @— Dy 1]. 
* n 


“Secondly, let n be odd. 
The values of the expression (1) are in this case 


Ww, «.. 3a... Bar 
cos—+72zsIn—, cos— +2sin— 
n n n n 


pece 


.. (n~2)r ni 
£ isin @ 32), cos = tisin, 


i (n =) T 
The last pair of roots reduces to the single root — 1, so 
that «+1 is one of the required factors. 
The quadratic factors corresponding to the successive 
pairs of roots are 


a — 2a cos +1, a2 — 220s a, 1 


2 eee 


alec Oak 





Hence finally, when x is odd, we have 


a+ =(@+ 1) (« - 2x cos = +1) (a - 22 cos oT 41). 


wee[ at — 22 005 C2) 5 1]. 
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We have then 





r=0 
when n is even, and 
n-8 
2 
a +1=(@+1) I (#- 2 cos “rt i m+1), 
0 
when n is odd. : 
These formule can be deduced from the fundamenta 








:one of Art. 115 by putting nO = a. ae Ses 
y 21, Bx. 1. Express as a product of n factors the quantities ~— 
. cos nd—cosn@ and coshn¢ -—cos ne. 
i equation (2) of Art. 115 put 2=e%%, go that z-1=e-*!, and hence 
Zta-ia eb 4 obi 9 gog ¢, 
and a+ a-Mm et + 644 9 cog ng, 
We then have : 


alice ae cos al 


he 008 np — COB n= 2"! {cos ¢ — cos 9} ae $— Gos (0 +=) oeeces 


one {eos — cos (043, )} 
Pongo (02) 


Similarly by putting =e? we have 
eoah np ~ cos nd 
Se a 


=2"- [ooh g - - 008 6][ cosh g - cos (042 )}- oy 


. | . [cosh ¢ ~ cos (0+ as r)]. 
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v ee 2. If n be even, prove that 


7 
yi ol 
eae Q3 Qa 4x 6r 
sin In sin = tn ain Qn 


2 
In equation (2) of Art. 119 put-méqual to ‘unity, 
\ 


. n~2 
sin w= fT 


a-1 xet+ et 3+, +041 ‘ we 
2-1 2+1 ’ te uP 


P +, 2-1 
therefore, when is unity, Sci= 


Then, since 





n 
5° 
Hence we have 


n_ Qa 4or n-2 
5= (2 2cos =) (2- -2cos =) sieves (2-2005%= r), 


+ 9 OF - 940 n-2 
Pf . 2 D ° 2 —— vas in? ~~». * 
é.e, n=2.4sin in 4 sin’ on .-4 Bin’ in ™ 
there being 7 1 factors, 
2a 4r n-2 
be pr-2 2 in?—— in? ——_ rs 
29-1, sin an og eee SI 
nl 
Qn . 4r n-2 
fF gin —— 
Hence se /n=27 sin on sin — on «Sin Da Mistseeesenees «-(1). 
4a n-2 P 
Hach of the angles a iC" On * is less than a right angle, so 


that each of the sines on the right-hand side of (1) is positive. 
On the left-hand side we therefore replace the ambiguity by the 
positive sign and have the required result. 


4 
te. 
morg (+ 


EXAMPLES. XX)—_ 


Factorize the following quantities, 
~ 1, 28+ 2x5 cos 120°+1. 2. 28-226 cos 60°+ is 
4 
-3. a1 225 cos 5 +1 - 4, 2442541, 
5, e44274+1. +6, o-L . > J, +h 
8, 27-1. - 9 24+1, - 10, z-1, 
e 1 284+h 12, o4-L - 13. 2+] 


— 


SA a Nace ag 
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an If n be even, prove that 
= : 30 Br _n-l 
zs = a — = = 
24 sin a sin on sin oy sin an 7 1 
oF Osis ral 
= COS F008 F varass on ™ 
LP os 
5: ” If n be odd, prove that 
n—) n—] 
= Qa 4a - n-l = r 3x n- 
T gin 27 ot 4 n-1 9? m on n-! 
22 gin 5p 1 gy Sin gt Jn=2? cos In C8 By 1 COS 
and that 
wri ast ca n-2 Qa 4a n-1 


V{ ue Br 
222 gin — gin — i = = 57 ++» COS =— wr, 
27 sin 7 8D 5p + Bin on ™= =1=2 cos cos c an ™ 





BE 6. Prove that sin * — sin a seseee 810 -1) = 5a 
ha 4 17, Ifn be odd, prove that 
2m tan OF 2 z(n- 1) x 


tan= >, tan — 7 tan — ..... tan —=— =,/n, 
18, Shew that cos ne 
=2-1( cos 6 ~ cos = eos 6 — cos 5* eatees e086 cos =" - 
2n 2n 2n 


Prove that 
h Lh 19, sin nd=2"—' gin ¢ sin ( += £) soeees BID ( + =! r) 





a= 2A-1 Tl ” ain (o+2). 
r= nh 
(Put z=1, and 6=2¢, in the equation of Art. 115.] 
=o" gj * ) si 3x i 2n-1 
20, cosng=2"— gin (++ 5) sin (94 57) eieaet sin | o + on TI" 


(Change ¢ into ot in the formula of the preceding question.} 


21. 2-1 cos ¢ 008 ( +7) 08 (9 +=) yee oos(9 +7 x) 
‘ck =(- 1? sin ng, when n is even, 
and =(~1)7 cosng, when n is odd. 
[ohanse ¢ into o+5 tn the result of Ex. 19 2] 
TT n. 10 
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wd Bar 53 2n-1 
22, 2°-1cos = eos 2" cos ™ =cos "= ~ 
Bn °° Fy 0°38 5 cos —5-— m= cos x 
Ba. Sr 2n-1 
A mw br 2 
23, 2°) sin x sin on sin — noe sin Tn r=1, 
. Qr (2n-1)e  (-1)®- 
24, cos 71 008 a tree C08 


; 25, Prove that 





‘ 2~acos ( O+ ue 
y x? — a" cos nd 1 = n 
st —2a"2" cos nd +a nz) pe, 2 : 
Pag fe #*— 2axeos ( 0+ te 


[In (3) of Art. 115 change x into x+h, expand and equate coefficients 
of kh. Or take logarithms and 0 ee with respect tox.) 


DT: 4 circu Beas fs circle of radius r is divided into 2n equal 
parts at points P,, Py,,...... P,,,; if chords be drawn from P, to the other 
points, prove that 

P,P, .P,Py......PyP,=1" Jn. 
Also, if O be the middle point of the arc P,P,,,, prove that 
OP, . OP5......0P,= J2r*. 

27. If 4,Ag...... Aon4, be @ regular polygon of 2n+1 sides, inscribed 

in a circle of radius a, and O4,,, be a diameter, prove that 
OA, . O4y......04,=0". 


98, - 4,4q......4, i8 a regular polygon of nm sides. From O the centre 
of the polygon a line is drawn meeting the incirele in P, and the circum- 
circle in P,. 

Prove that the product of the perpendiculars on the sides drawn from 
P, is to the product of the perpendiculars from P, as 


0 642 29 
cos' nor 7) tol, 


6 being the angle between OPP, and OA,. 


99, ABCD...... is a regular polygon, of x sides, which is inscribed in 
a circle of radius a and centre O; prove that 
PA, PB?, PC’...... =r" — 2a" cos nO +a™, 


where OP is r and the angle POA is 6. 
Prove also that the sum of the angles that AP, BP, CP,...... make 


ra gin nd 
with OA, OB, OC,...... produced is tan—? coand—a*’ 


wr Prod 


ae’ 
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~~; Resolution of sin@ and cos@ into factors. 


M129. To express sin 6 as a product of an infinite series 
of factors. 


We have sin 6 = 2 sin 7 cos g 
6 wr O 
= 2sin5 sin (5+5) sane os-(1), i, 
@ wna 749 ie 
Similarly in (1) changing @ into 5 and = 


> Succes< — 


2 +3 


oi 


sively, we have 
. 8 . O . far ee ee 
sin 5 = 2sin gain (5 + 5) = 2sin isin (F +5) 


. (7 8 - (7, @ g 
and sin G + 3) =2sin (5 5): sin F+e 3 +5) 
_ (7, O\ . (30 @ 
=2sin (5+ - +5): sin (+ =) 

Substituting these values in the right- hand ae of (1) 

we have, after rearranging, 
sin 6 = 2% sin sin 8 oa sin or + an tase ..(2). 

Applying once more the formula (1) to each of the 

terms on the right hand of (2) and arranging, we have 
sin 6 = 2’ sin § sin™ _ oi ant sin ort g sin arte 

sin 7748 gin S718 sin tees 
Continuing this process we have finally 


sin 6 = 27-1 sin — cd sin — ett g - gin 2m +0 sin (p-1)7+0 
Pp P Pp 




















where p is a power of 2. 
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The last factor in (4) 
: [ Tr =| . rT-0 
= sin | + ———— | =sin ‘ 
Pp P 

The last factor but one 

mS ad) Ea ee [=- =] =sin em? 

Pp P 








and so on. : 
Hence, taking together the second and last factors, 


the third and next to last, and so on, the equenen (4) 
becomes 


sin 0 = 2?8in 2 {ein +8 | TT 9 t fein ar+O 2n— tt 
P Pp P Pp P 


. Soseceedahens (5). 
The last factor is 
P40 
sin eae 
Pp 
which = sin G + ;) = cos , 


Hence (5) is 
sin 6 = 2?— sin ; [ sio as aint | sin = — sin? | sae 


Divide both sides of (6) by sine and make @ zero. 


@ 
in @ . igen 
apc, p aRe =|p?.L, =p, 


sin — sin — 
PJo=o0 Ptle=o 


SIN 6 IN FACTORS. 149 














we have 
Qn. 8 37 1) 7 
p=2P-, sin?— , sin?— sin? ... sin? ..(7). 
P Pp P 
Dividing (6) by (7), we have 
sin? e sin? g sin? £ 
sin @= psin — | 1 — a ie em Eas 3 
P sin? — sin?— sin? — 
P P 
sin? e 6 
oe | L— cos — ......(8), 
ae ¢ = jz P 
2 /P 
Now make p indefinitely great, 
Since 
sin — 
[? an 4 =|—2.0} = (Art. 228, Part 1), 
Pjpeo gv 
P ps0 
sin? i sin? g i 6 oo 
=| £5] =F cart, 228, Part 1 
sin? = = sin? — = = ; z 
Plip=0 p* Pp 


and so on, we have 
62 62 am : 
sin 0 = (2 - =) (a - 353) (2 - 528) ... ad inf 
This theorem may be written in the form 


, rae 6 
anges Ql - 35): 
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~ 108, To express cos @ as a product of an infinite series 
of factors. 
In equation (4) of Art. 122 write for 6 the quantity 


5+ @, and the equation becomes 





cos 6 = 27-1 gin = +20 sin S28 sin Srt+20 
2 2p 2p 
. (2p—1)7 +26 
sin aa aa weects (1). 


The last factor 
3 T— =“ . w—26 
= sin | 7 — - =sin = 
the last but one 
ae a hee el =e Sn — 20 
2p 2p 








and so on. 
Hence taking the factors in pairs, as before, we have 











g=2—| si w+20 . w—20)[ . 387420 . 307-20 
cos0= [sin 2p sin =| [sin Op sin op a 
== QP) [sin op sin? 5s [six ee — sin? | «+6(2). 
In (2) make @ zero and we have 
1 =P sin sink ST int 5 eneee(B) 
Dividing Ke by (3), we have 
no 20° _ 20 ., 20 
in” 5 sin Fp sin’ op 
cos 6 = ba ol P 1-—~ — oe 
in? sy2 OF int 27 
sin ap sin p sin’ 2p 
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In (4) make p infinite; then, as in the last article, we 
have 


cos 9 = [2-42] [2 -25| [>-25] ... ad inf. 


This theorem may be written in the form 


ram 46? 
os OTE fh aah 
Since 00s 9 = 28 2E the product of cos@ may be 


derived from the products for sin 2 and sin 6. 





"{24, The equation (4) of Art. 122 may, by means of Art. 115, be 
shewn to be true for all integral values of p. For we have 
a2? ~ 22? cospe+1 


= {z?- 27 cos +1} {2-22 008 (9 += +f 


x? — 2x cos (6 + =) + i} wa...t0 p factors. 
Put 2=1, and we have 


2(1- cos pd)= {2-2 cos gp} {2-200 (» + =)t webics to p factors. 
i ina PP int? 4sin2 (2 =) in? (24.7 
f.e. 4 sin’ = 4 sin’ 9° sin atD -4 sin a*5 ...to p factors. 


Put 2 ras and extract the square root of both sides. We have then 


+sin 6= =2-1gin 2. sin eld . sin PERE sin | es eee eh 
P P P Dp 

If @ lie between 0 and » all the factors on the right-hand side of (1) 
are positive and so also is siné. Hence the ambiguity should be 
replaced by the positive sign. 

If @ lie between x and 2z, all the factors on the right-hand side are 
positive except the last, which is negative. 

Hence the product is negative and so also is sin 0, so that in this case 
also the positive sign is to be taken. 

Similarly in any other case it may be shewn that the positive sign 
must be taken, and we have, for all integral values of p, 


sin @=2?-18in 2. gin 7+ gin 27+ gin (P— THO 
2 P P 
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N4 


‘125. Sink 6 and cosh 8 in products, 
By Art. 68 we have 
sinh @ = —7sin (8) and cosh @=cos (07), 
Also the series of Arts. 122 and 128, being formed on 


the Addition Theorem are, by Art. 64, true when for 0 
we read 0, 


sinh 0=—i x 64 (1 = ya ms) (1 ae (1) 











)\0 272] 0 ~ Bear 
= (1+ 5) (14 2,)(14 5%) apr ad inf 
and cosh 6 = (1 — e*) (- ad) (1- Ae)... ad inf 
=(1+%) (1+ ges) (14+ AM) ...ad int (2) 


The products (1) and (2) are convergent. For we know (CO. Smith’s 
Algebra, Art. 337) that the infinite product I (1+4,) is convergent if the 
series Zu, be convergent, 

In the case of (1), Zu, 


ig 1,.1,1 
=a lt tat Btn , 


and the latter series is known to be convergent. : a 


126. Sums of powers of “the reciprocals of all 
natural numbers. 
From the results of ‘Arts. 122 and 123 we can deduce 
the sums of some interesting series. : 
From Arts. 122 and 33 we have 


( - £) Qa - an) (a - zn) esses. ad inf, 


in 8 _1_6 ot .ad inf 


[3 +B F eeoes 





1SU OF NEGATIVE POWERS OF INTEGERS, 
Taking the logarithms of both sides, we have 


log (1 - “) + log Qa - oo) + log (1 - a) + 
Oo 





Cad 
=log [1-3 + pp - = | 


Now, by Art. 8, we have 





153 


@fl 1 oi 1@fF1i 1 1 
-Slatet gt |-32[R+ gta | 
16f1 #1 #71 
37 te + x t+ get co | ceenes 
ee 6 
Ne @ 6 1/0 6 : 
=-(g-imt~-)-3(G-at -) re 
_ 111 
= et" (ia5~ 5-36) — . 
ee ; 
aaah vas 1 tae sitecatvausartian (2). 


Since equation (2) is true for all values of 6 the 
coefficients of 6 on both sides must be the same, and 


similarly those of @, and so on. 
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Hence we have 


es ee eee | 1 
a(pte ao . ad inf. ) = -5, 
1/11 1 
-5—(7 += atgte .ad inf) =— =, 
x 1 1 - ra 
Hence ptpta +. ad inf = Goce (3), 
4 1 1 A 1 
and ptgatgat ... ad inf, = 90 rrrr (4), : 


eecceracccvscos 


127.. By aieoediin in a alla manner ‘with ‘the 
result of Art. 123 we have 


~ -48)0-2)0-8)- 





= 0081 on 
so that 
log ¢ - s) + log @ - a) + log (a _ a") 


Hence as before 


— 40 1 _ 1166 (z iii ) 
— (5 tate +. )- 5 +otate. |t. 
+ 
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Hence, equating coefficients of @ and 64, we have 


4/1,1,1 1 
-3(gtptpt)=-§5 


w\i? 3? 2’ 
8/1, 1.1 1 
~alptat Rt) =— Yo 
I 1.1 7 
and hence prytpte=g seecvecseoesces(L), 
5 eoree cea | or 
and Jet Bet Be tone = gg creeeeseeeeee (2) 
< a4 dopeechsarveces 3 w iB 
\ Rr ge a~ ws oo aan > 
R oe, Wallis’ Formula. Tbe LP 


In the expression of Art. 122 put = , and we have 


7 1 1 1: F 
1=3[1- z|[2- a | [2-4 ]--~ eine 
_71.3 8.5 6.7 (2n-38)(2n-1) (2n~1) (2n+1) 
“20a "4s * GF ee nay * (2n)? ; 
where is infinite, 





he 2_ 19.33.57, 7......(2n-1)*. (Qn +1) Pa 
; a oe) ee! 
2.4.6......2n = 
te 1.8.6......(@n-1)_ A (2n +1), where n is infinite. 


It follows that when n is very great (but not necessarily infinite) then 


2.4.6......20 ca 
1.3.6......Qn—1)— Vg n+) very nearly 
=n, ultimately. 


This is called Wallis’ Formula, and gives in a simple form a very near 


approach to the product of the first n even numbers divided by the first n 
odd numbers when n is very great, 


7 


| 


/ 


‘ 


/ 
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129. Bx. Prove that 


= 1 1 1 
tan 06=80 Lacaet metaat atapt-)- 
From Art. 1283 we have 


log cos @=log (-S - = ) +log (- =) +log (1-5 ~ Ba =) + ee... (1). 
In this equation substituting 64h for @ we have 


4 4 
log cos (6 +) =log [2 -5 (0+ 1] + log [a — ye (OK)? | +s csssee(2)- 


Now log cos (6+ h)=1log [cos 6 (cos h— tan @ sin h)] 





ha ns 
z=log cos 6 + log [a - z +... — tan 6 (a- Bt sooo) (Art. 33) 


=log cos @+log [1 —h tan 6+ higher powers of h] 
=log cos 6 -h tan eae of kh. (Art. 8.) 


80h 
Also log [1-4 Jeb Jane +log [1 -ot wie | 


80h 
=log p-S a er 3 — agit powers of h, 





and log [4-55 gaza (0+ ny | 
492 80h 
zlog Cs 32q | ~ 33,27 aga t Powers of h, 


seecceees Pee ces ens ccevncceccee 


Substituting these ‘wales in (2) and equating on each side the coeffi- 
cients of —h we have 


86 80 8@ 
$an 0 = aga t gama + gage g gi Fon seneeeeome (8) 
=>" 86 


a=. (2r + 1)?x7 - 492° 
The series (3) may also be written 


tan é= 2 2 2 - 2 seen Tian 
an 20 +420 * Se 96 ~ Ba pO Tm 
[The student who is acquainted with the Differential Calculus will 
observe that equation (3) is obtained by differentiating (1) with respect 
to @.] 
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“30. Ex. Prove that 
ere —co3 aioe 


=2eint of 145] [a+(, che aes 
[+()] C+ (ts) TD Ls seg 
=2sintonl| 1+ : s-)"], 


where r is zero or any positive or any negative integer. 
We have 


cosh 2a — cos 26= 008 2ai - cos 20=2 sin (8 + ai) sin (6 — ai) 


=2(0+<i) [1-"] [3 _ (6+ai) 








2253 eoeeee 


x (0 - ai) p- "7 [1- ee) sceseees (2). 
Now [s (@ te!) ve | [1- (6 -ai/ mal 


[eter oa a— mses ele e=si) [(reP ee ota ats Teena ao tai)) 


—(*+6)?+a2 (w-—6)? +0? 
ee a. 





Hence (1) gives : : : 
cosh 2a - cos 20=2 (6 + a?) [t=] —— +e] (27 +6) a 





22773 

—6)2 

ed eee inf.......(2). 

In (2) put a=0 and we have 
sn? gazoge (T+9)? (w- 8)? (2r+6)? (2r- 9)? 

2 sin? ¢ = 26 eee oa Py? gigs 
Dividing (2) by (3) we have 

cosh 2a — cos 20 


mee] fo (29) 105) Det 
[a+ ( a =) | Las ad inf, 


The factors of cosh 2a +cos 26 may now be obtained by changing @ 


into O+5 and they are found to be 2 cos? 61 fis wos) | where r is 
any odd jnteger, positive or negative. 
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EXAMPLES. XX 
Prove that 


J. 1_ 24, 1.1 A ts 
1. Taw gat ga7 Gat we ad inf. =75¢ 


‘ 11.1 2)8 
Jp, get get gete- ad int.=6{ o- 





1 1 1 1 7 a 
. peteats. teat inci ad inf.=—. 





3 
/ 1.3.6. 10 rf. 9 
4, 34 tatatg + eer. ad inf, =a (1- it) ° 
v5. Prove that the sum of the products, taken two and two together, 


of the reciprocals of the squares of all odd numbers is ae 


384° 
v. 


\"'6. Prove that the sum of the products, taken ig and two together, 


of the reciprocals of the squares of all numbers is 





imo 
Prove that 
+ ees ee na 
7. cot =F = G8 Bag d— ga ~ covers 
1 1 1 1 1 . 
Sot gae One 1 0-on Oras Te 
J at! __! Peg 2b ot dee el 
nq Bt  COHOO=G — FE Oe + Gan | Oaks O-ar 0+ *™ 
at400"E fo)". 
@ nay 07-2 
and hence that 
1+0cosec@_ 1 1 1 inf. 
get = Fh Geng t Gea gags ~ coven OG ils 


@ 
[ Use the relation cosec 0 =5 (tan 5 +cot 3) | 


1 3 5 : 
We %, 7 800= aaa eat Ba ans 


[ tee the relation 2 sec = tan (F+ 3) + cot 3) J: 
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at 1 1 1 








ne 1 ; 
10, 780° O= (oo + Gea aa t e208 t Ge paopt Od int. 
ie [Apply the process of Art. 129 to the result obtained in that article.] 
1 1 1 1 : 
2a = 4 

Tl. cosec? @= at @-= + @+zpt =z + (@+2apt as ad inf. 
ry Prove that 
fog, sin(a-6)_ ( _@ __6 
Ly 12. “sina | =(1- ‘) ar « a T+a. 











ya 6 6 
(1452-2) (1-5%.) eeu 


=I (1 - a) , Where r is any positive or negative integer or zero. 


13, %2(a+9) 7 (1+ 


sina 
integer, including zero. 


14, eet. (1+ try =a) (- =m) (1 + iste) (2 = ar) 


= [a + iw , where r is any odd integer positive or negative. 








cos (a — cos (a — 0) _ 
15. cosa 


or negative. 


16. Sere == [ - wrap ][- (7- aa] [:- (84+ wel 


mip ea. 


where r is any odd integer positive or negative. 


(Multiply together the results of Hzs.14 and 15 and then change 20 
and 2a into @ and a.) 


ee | 
. . SLE eee ae ae 


where 7 is any even positive or negative integer, including zero. 
Hence deduce the factors of cosh x —cos a. 





n[1- ios -—|, where r is any odd integer, positive 


oe 
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HE (1-8) (1-74) (ies) 


8 ) 
(1+ \O-s& 
iz 7 Somes 
19. 2cosh 6+2cosa ies ve) 


=4 cos? steel [+ (e- ea} 


=4 cos? 5 rh 1 
ag L +arapl 
where r is any odd iow positive or negative. 


20. Prove that 





- u 
: ; “4 sinh? 3 
sinhnu=nsinheu II 1+ 
r=] 





Pay tT 
810! on 
and deduce the expression for sinh uw in the form of an infinite product of 
quadratic factors in wu. 
[Start with the result, when 0 is zero, of Ex, 1, Art. 121. In this 
result put p equal to zero and divide.] 
21, Prove that the value of the infinite product 


| (1+5) . *) (14 ji) ad int 


22, A semicircle is divided into m equal parts and a concentric and 
similarly situated semicircle is divided into n equal parts, Every point 
of section of one semicircle is joined to every point of section of the 
other. Find the arithmetic mean of the squares of the joining lines and 
prove that when m and n are indefinitely increased the result ia 


on - ae , where a and b are the radii of the semicircles. 


93, The radii of an infinite series of concentric cixcles are a, a3 ze 


From a point at a distance ¢ (>a) from their common centre a tangent 
is drawn to each circle. Prove that 


: . . e Ta 
sin 6, sin 6, sin 45......= =a sin-~s 
where 0, 05, 05... are the angles that the tangents subtend at the 


common centre. 
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24, Aninfinite straight line is divided by an infinite number of points 
into portions each of length ae. If any point P be taken so that y is its 
distance from the straight line and z is its distance measured along the 
straight line from one of the points of division, prove that the sum of the 
squares of the reciprocals of the distances of the point P from all the 
points of division is 


sinh ay 
= a 
Y cosh 22Y— 00 2 
(Use the result of Ex. 7.J 
25. Ifa, b, ¢.,.... denote all the prime numbers 2, 3, 5...... prove that 


(-)(0-A)G-2)-—-$ 
and (143) (1+ 2) (148) onal 


26. Prove that 
=D x 
4 ao m? — x] 


__¢ sin {x Vet+a} 
+a sin zc 


- ie a ra ‘ cmere a 


v 


We fest Cart) = 7 


pees rt Ca. 7 
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CHAPTER X, 
PRINCIPLE OF PROPORTIONAL PARTS. 


131. In the present chapter we shall consider the 
Principle of Proportional Parts, the truth of which we 
assumed in Chapter XI, Part I. 

We then assumed that if n be any number and n+ 1 
the next number, whose logarithms were given in our 
tables, and if h be any fraction, then, to 7 places of 
decimals, it is true that 

log (n+h)—logn _ 
log(n+1)-logn 

The truth of this statement we shall now consider. 





132. Common Logarithms. We have, by Art. 
12, 


h h 
logis (n + h) — login = logis" — =p log, (i + 7) 


a , 


where pf = 43429448... 
Hence, by Art. 8, we have 
he he 
logy (n+h)—logyn=Mt_ eB eR ay 
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Now in seven-figure logarithm tables n contains 5 digits, 
i.e. nis not less than 10000. Hence, if h be less than unity, 


we have® ia less than 
2 n 

| 1 

3 ( 45429448...) x To* , 
‘21714724... 


te. less than 08 


te. <'0000000021.... 


3 
Also A . is less than one-ten thousandth part of this. 


Hence in (1) the omission of all the terms on the right- 
hand side after the first will make no difference at least as 
far as the seventh place of decimals. To seven places we 
therefore have 


Rieti J 


logis (n +h) — login = = 


So log, (n + 1)—logyn = wt ‘ 


Hence, by division, 
log, (n + h) —log,n = 
logy. (n+1)—login  * 
The principle assumed is therefore always true for the 
logarithms of numbers as given in seven-figure tables. 
133. We may enquire what is the smallest number in the tables to 
which we can safely apply the principle of proportional parts. We must 
; wh 4 2% 4107. At 
find that value of n which makes ont < iq7? 8° that n’ >5: 107. h*, 
The greatest value of A being unity, we then have 
nd>©.107, ée,>2171472°4..... 
. n> 1473, 
The number 1478 is therefore the required least number. 


11—2 
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134. Natural Sines. Suppose we have a table 
calculated for successive differences of angles, such that 
the number of radians in these successive differences is h. 


[In the case of our ordinary tables h = number of 
radians in I’ 


cee! e 
=60x 180 000290888..., ¢.e. h< 0003.] 


Also let & be less than h. Then our principle was that 
sin(@+k)—sind k 
sin(@+h)—sind h° 

We shall examine this assumption. 

We have 


sin (9 + k) — sin @ = sin 6 cosk + cos 0 sin k— sin 0 


=sino[t- p+ a-~ | +0080 [b— 5+ |—sin@ 
(Arts. 32 and 33) 
=k con 8 — Fy sin 0 — 7 0088 


The ratio of the third term to the first =5h and this 


is always less than 4 (0008), z.e. always less than ‘00000002. 


The third and higher terms may therefore be safely neg- 
lected, and we have 

ke 

[2 


sin (0 + k) —sin @ = kcos 0 — sin 0 ....... (1). 


The numerical ratio of the second term to the first 


term 
1 


= s. eeverecccsorecveces 2 le 
5 A tan 0 ae (2) 
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This ratio is small, except when 6 is nearly equal to a 


Hence, except when the angle is nearly a right angle, the 
second term in (1) may be neglected, and we have 


sin (6 + k) —sin 6 =k cos 0. 


So sin (0+ h) —sin €=hcos 9, 
sin(@+k)—sind k 
and hence sin(O+h)—sin 0 eossiersesss eoevces (3). 


When @ is very nearly a right angle we cannot say 
that 
sin (@ + k)—sin 6 =k cos 8, 


and hence in this case the relation (8) does not hold and 
the difference in the sine is not proportional to the 
difference in the angle. In this case then the differences 
are irregular. At the same time the differences are 


insensible; for, when @ is nearly 3 k cos @ is very small, 


In fact kcos@ has nothing but ciphers as far as the 
seventh place of decimals, so long as @ is within a few 
minutes of a right angle. Also 


a 
comer , Le. < 00000005... 


fin @ is always < 
[2 y' 
Hence when the angle is nearly a right angle a com- 
paratively small change in the sine will correspond to a 
comparatively large change in the angle; also at the same 
time these changes are irregular. 


135. Natural Cosines. Since the cosine of an angle 
is equal to the sine of its complement this case reduces to 
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that of the sine. The principle is therefore true except 
when the angle is nearly zero, in which case the differences 
are insensible and irregular, 


136. Natural Tangents. With the same notation 
as before we have 


_ tané+tank tan k sec?@ 
tan (+ ke) — tan @ = 7 gag 7 en =p 


= tank sec*9(1 + tan 0 tan k + tan*6 tan’ k...) 


ks 
= soot [e+ 3 +0 | [1 +tan 6 (b+ +...) 


+ tan? 6 (i? + | (Art, 84) 


sin 8 

cos® 8 
The third and higher terms may be omitted as before, 

except when @ is nearly a right angle, 

sin 0 

cos? 6 





=ksec?@ + + k3 sec? 6 [a+ ton 0] + sevoee (1). 


Unless the quantity k be large we shall then 





have 
tan (0 + k)— tan 6 =k sec? 0......000000(2), 


and the rule is approximately true, 
When @ is >4 the second term of the equation (1) is 


> 2k, so that taking the greatest value of k, viz. about 
‘0003, this would give a significant figure in the seventh 
place. The principle is therefore not true for angles 


greater than 7° when the differences of the tabulated 


angles are 1’, 
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137. Natural Cotangents. As in the last article it 
can be shewn that the principle must not be relied upon 
for angles between 0 and 43°. 


138. Natural Secant. We have sec (0+ &)—sec@ 


1 1 
= cos Ocosk—sin Osink cos@ 





T -1 
1—-ktané- 5k... 





= sec 9 


= sec 6 [tan 0+ i (5 + tant 6) +. il) 
= ksec tan 6 + kee 6(5 + tan? 0) +.. coves (1), 
The ratio of the second to the first term 


1 
3 + tan? @ 


1 
oe -«|5 cot 0+ tan |. 


This is small except when @ is nearly zero or 3 Hence, 
except in these two cases, we have 
sec (0 + k) —sec 0 =k tan 6 sec 0 
and the rule is proved. 
When @ is small the term & sec.0 tan @ is very small, 


so that the differences are insensible besides being 
irregular. 


When @ is nearly 5 this term is gréat, so that the 


differences are nob en 
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139. Natural Cosecant. Just as in the case of the 
secant it may be shewn that the differences are insensible 
and irregular when @ is nearly 90°, and irregular when 0 
is nearly zero, Otherwise the principle holds. 


140. Tabular Logarithmic Sine. We have 


Ly) sin (9 + k) — Ly sin 6 = logy 2 C+ #) 


= log, [cos k + cot @ sin k}=logy [2 +kcot @— 2 | 


(Arts, 32 and 33) 
#1 


=p [ beat 6 - I75 


kK? cov? 0+... | (Arts. 8 and 12) 


i) 
= pk cot 6 — “ cosec? 6 .... 


The numerical ratio of the second term to the first 


1 : oe 

2 ‘sin @cos 6 sin 20° 

This is small except when @ is near zero or a right angle, 
Hence, with the exception of these two cases, we have 


Lsin (6 +k)— Lsin 6 = poot 6 x k, 


so that the rule holds in general. 

If @ be small the term yk cot 6 is large, so that the 
differences are large as well as irregular. We cannot 
therefore apply the principle to small angles in the case 
of tables constructed with difference of 1’. 

Even if the ,tables were constructed for differences o 
10” we are not sure of being free from error in the 7th 
place of decimals unless @ be > 5°. 
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T pk 3 
If 6 be nearly 3 the terms uk cot 6 and “Zz cosec* O are 


both small, so that if the angle be nearly a right angle the 
differences are insensible as well as irregular. 


141. Tabular Logarithmic Cosine. The rule 
holds approximately, since the cosine is the complement 
of the sine, except when the angle is small, in which case 
the differences are insensible as well as irregular, and 
except when the angle is nearly a right angle, in which 
case the differences are large. 


142, Tabular Logarithmic Tangent. Here 
= tan (6 + k) 
Ltan(6+k)—L tan d= loge 
1+cot@tank | 1+kcoté 
i—tanétank °8"|{—ktane 
= logy [(1 + & cot 0) (1+k tan 64k tan?6+...)] 
mga + arab ey] 


sin 0 cos @ * cos? 
= Be 1 i 
re Ee: cos 6 * cost Qain?Ocos'O * | 
(Arts. 8 and 12) 


= logis 





pk cos 20 
= ‘sin 6 cos 0 sin? 26 bees 
The numerical ratio of the second term to the first 


=kcot2@. This is small except when @ is near zero or a 
right angle. 


Hence, with the exception of these two cases, we have 


L tan (6+ k)—L tan @= akg. k, 


— 2k 


so that the principle is in general true. 
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In each of the exceptional cases ae 3 is not small, so 


that the differences are then ere but not insensible. 
The same statements are true for the tabular loga- 
rithmic cotangent, 


143. Tabular Logarithmic Secant and Cose- 
cant. We have 
Lsec (6 + k) — Lsec 0 = Lcos 8 — L cos (0 +k) 
and Lcosec(@ +k)— Lcosec 6 = Lsin 6 — L sin (6 +h). 


Hence the results for the Z sin and Z cos are also true 
for the Z cosec and Z sec, 


CHAPTER XL 
ERRORS OF OBSERVATION, 


144. We have up to the present assumed that it is 
possible to observe any angles perfectly accurately. In 
practice this is by no means the case. Our observations 
are liable to two classes of errors, one due to the instru- 
ments themselves, which are hardly ever in perfect adjust- 
ment, and the other class due to mistakes on the part of 
the observer. 


145. An error in any of our observations will clearly, 
in general, cause an error in the value of any quantity 
calculated from that observation. For example, if in Art. 
192, Part I, there be a small error in the value of a, there 
will be a consequent error in the value of « which, as 
we see from the result of that article, depends on a. 


146. The importance of an error in a length depends, 
in general, upon its ratio to that length. For example in 
measuring a piece of wood, about six feet long, a mistake 
of one inch would be a very serious error; in measuring a 
mile racecourse a mistake of one inch would be not worth 
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considering ; whilst in measuring the distance from the 
Earth to the Moon an error of one inch would be abso- 
lately inappreciable, 


147. We shall assume that the errors we have to 
consider are so small that their squares (when measured 
in radians if they be angles) may be neglected and we 
shall give some examples of finding the errors in derived 
quantities, 

We shall assume that our tables and calculations are 
correct, so that we have not to deal with mistakes in 
calculation but only with errors in the original observa- 
tion. 

148, Ex. 1. MP (Fig, Art. 42, Part I.) is a vertical pole; ata 
‘point O distant a from its foot ite angular elevation is found to be 6 and 


its height then calculated; if there be an error 8 in the observation of 9, 
Jind the consequent error in the height, 
The calculated height h=a tan @, clearly. 
If the error 5 be in excess, the real elevation is 9-8, and hence the 
real height h’=a tan (8 — 4). 
Hence the error h—h’=a tan 6 ~ a tan (9 — 8) 
= sin 6 
©08 6 cos (8 — 3) 
if we neglect squares and higher powers of 8. 
The ratio of the error to the caloulated height 


26 
3 9 = 
= 6 sec? tan 0 gin 20° 


Except when sin 26 is small this ratio is small since 3 is small. It is 


=asec’ 6.3, 





least when sin 20 is greatest, i.e. when @ is i. 


The ratio is large when @ is near zero and when it is near 3 


Hence a small mistake in the angle makes a relatively large mistake 
in the calculated result when the angle subtended is very small or when 


wT 
it is very nearly 3 
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When 6 is small, both the calculated height and the absolute error, 
viz, atan@ and asec?@.3, are small, but the latter is great compared 
with the former. 

When @ is nearly 90°, both these quantities are great. 


Bx. 2. The height of a tower is found as in Art. 192, Part I.; if 
there be an error 0 in excess in the angle a, find the corresponding correc- 
tion to be made in the height. 


_ The real value of a is a~@; hence the real value of the height ia 
found by substituting a—@ for a in the obtained answer, and therefore 


eg itesO ane. cine sin a cos 6 — cosa sin 8 
sin (B-a+0) sin (8 — a) cos 0+ 008 (@-a) sin 0 


asinasin B 1-@ cota 
“gin @—a) . i+6cot(p—a) (Arts. 32 and 33) 
see Bray [1S cota] fl ~ 6 cot (9 - Q) + seasee] 


= geek 1 — 0 foot (B—«)+cot a}) 


asina sin p asin? g 


= sin(8-a) —-#in?(3—a)° 
The error in the calculated height is therefore Pp a » and ia 
sin? (8 - a) 


one of excess. 
Also the ratio of the error to the calculated height 


___‘ sing 
“sin a sin (B— a)* 
Bx. 8. The angles of a triangle are calculated from the sides a=2, 


b=3, and c=4, but it is found that the side c is overestimated by a small 
quantity 5; find the consequent errors in the angles. 


From the given values of the sides we easily have 


=! all 1 
cos A=5, cosB=r5, cos C=-j, 
sin A= 215 ee 415 
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Corresponding to the value 4 ~ 4, let the values of the angles be 4 — a, 
B-6@,, and C - @,. 


2 ~§)a_ 1 a 
Then cos (4 -0,)=° +(4~3) =" 0-3 a 





2(4-8).3 


ices con A-+sin d= 5(21~88][1+7]=3-[o1 a], 


[Arts, 82 and 33) 


72/15, 7 1 
es ot ie *=3- 56% 
1/15 
so that oe ae renee ieee etveaean: (1). 


(4—8)?427-39 11-837, 3\-2 


Also cos (B-0)= Sa-9.8 = te -q) 


ui, 1 1 21 
ie Ggtsin B.0= 75 [11 - 88] f+g}=[-Fe] 








te. —_ ‘eS aa 
so that 6,= — wits wedosecbescees sanecssseseseessss(2)e 
te. 3} WB = 34%, 
so that a= a 


The errors in the angles are therefore 


-Uy1b, - 21/16 
0 «Teo 


32,/15 


3, and 55 





3 radians, 


so that the smallest angle has the least error. 

We note, as might have been assumed a priori, that the sum of the 
errors in the three angles is zero. This is necessarily so, since the sum 
of the angles of any triangle is always two right angles. 


2» ‘ 
x rs is 
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EXAMPLES. XXII. 


1. The height of a hill is found by measuring the angles of elevation 
aand f of the top and bottom of a tower of height 8 on the top of the 
hill. Prove that the error in the height h caused by an error @ in the 
measurement of the angle a is @.cos 8 scc acoseo (a — 8) times the cal- 
culated height of the hill. 


2. Ata distance of 100 feet from the foot of a tower the elevation of 
its top is found to be 30°; find the greatest and least errors in its 
calculated height due to errors of 1’ and 6 inches in the elevation and 
distance respectively. 


3. In the example of Art. 196 (Part I.) find the errors in the calculated 
values of the flagstaff and tower due to an error 6 in the observed value of a. 

If a=1000 feet, a=30°, 8=15°, and there be an error of 1’ in the 
value of a, calculate the numerical value of these errors. 


4, AB is a vertical pole, and CD a horizontal line which when 
produced passes through B the foot of the pole. The tangents of the 
angles of elevation at C and D of the top of the pole are found to be 


; and ; respectively, Find the height of the pole having given that 


CD=35 feet. 

Prove that an error of 1’ in the determination of the elevation at D 
will cause an error of approximately 1 inch in the calculated height of 
the pole, 


5. The elevation of the summit of a tower is observed to be a at a 
station 4 and f at a station B, which is at a distance c from 4 in the direct 
horizontal line from the foot of the tower, and its height is thus found to 

esinasinB 

“elu (@ =A) feet. : 

If 4B be measured not directly from the tower but horizontally and 
in a direction inclined at a small angle @ to the direct line shew that, to 
correct the height of the tower to the second order of small quantities, the 

+, ecosasin?s 6? 
quantity cos Bain (a= A) z must be subtracted. 

6. A, B, and C are three given points on a straight line; D is 

another point whose distance from B is found by observing that the 
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angles ADB and CDB are equal and of an observed magnitude @; prove 
that the error in the calculated length of DB consequent on a small 
error 6 in the observed magnitude of 6, is 
___ 2a (a+b)? sin 8 
(a? +b? — 2ad cos 26)# 
approximately, where A4B=a and BC=b. 


7. In measuring the three sides of a triangle small errors z and y 
are made in two of them, a and 8; prove that the error in the angle c 


; 
will be — % cot A —=eot B, and find the errors in the other angles, ~ 


8. In 8 triangle ABC we have given that approximately a= 386 feet, 
b=650 feet, and C=tan- s find what error in the given value of a will 


cause an error in the calculated value of ¢ equal to that caused by an 
error of 5” in the measurement of C. . 


9, A triangle is solved from the parts C=15°, a=,/6, and b=2 3 
prove that an error of 10” in the value of C would cause an error of about 
13-66” in the calculated value of B. 


10. Two sides b and ¢ and the included angle A of a given triangle 
are supposed to be known; if there be a small error 9 in the value of the 
angle 4, prove that 

(1) the consequent error in the caloulated value of B is 
~-@sin B cos C coseo A radians, 
(2) the consequent error in the calculated value of a is c sin B. 6, 
and (3) the consequent error in the calculated area of the triangle is 
8 cot A times that area. 


11, There are errors in the sides a, b, and ¢ of a triangle equal to 
~, y, and z respectively; prove that the consequent error in the calculated 
value of the circum-radius is 


Foot 4 cot Boot C[z sec 4+y sec B+z sec C). 


12, The area of a triangle is found by measuring the lengths of the 
sides and the limit of error possible, either in excess or defect, in 
measuring any length is 2 times that length, where n is small. Prove that 
in the case of the triangle whose sides are measured as 110; 81, and 
59 yards, the limit to the error in the deduced area of the triangle is 
about 3°1433n times that area. 
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18, The three sides of a triangle are measured and found to be 
nearly equal. If the measurements can be wrong one per cent. in excess 
or defect, prove that the greatest error that can arise in calculating one 
of the angles is 80’ nearly, 


14. It is observed that the elevation of the summit of s mountain at 
each corner of a plane horizontal equilateral triangle is a; prove that the 
height of the mountain is 


1 
Ws atana, 
where @ is the side of the triangle. If there be a small error n” in the 
elevation at C, shew that the true height is 


Jpatana 1+," ain roe 
3 sina cosa 


The Student, who is acquainted with the Differential Calculus, will 
see that the results of some of the examples in this chapter may be more 
easily obtained by simple differentiation. 

Thus, in Ex. 2 of p. 173, the height « of the tower 

_a@sinasin p 
"Taso, 
If 8 be constant, and a vary, then, by differentiation, 
cos a sin (8 — a) +sin a cos (8 ~ a) 
sin? (8 — a) . 
. ds= 2 oan e. 6a, 
sin?(B—a)” 
giving the small change dz in x due to a small change da in a, 
Again, in Ex. 7 of p. 176, we have ae 
a* + 0° —¢ 
cos C= ab 
Hence, ¢ being constant, we have, on differentiation, 


—sinc. 3 = (2280 + 2b8b) ab — (a? + b? — c*) (add + bda) 


ew asing. 








2a*b? 
_?: 2ac cos B. data. 2be cos A. 6b 
2a?b? 
ecosB c cos A 6a 


“ 60= -da 6b 


‘absinG °°" absing 
L. T. 11 12 








= ef eB kobA, 
a b 


CHAPTER XII. 
MISCELLANEOUS PROPOSITIONS, 


Solution of a Cubic Equation. 
149. The standard form of a cubic equation is 
¥ + Bay? + Bby + ¢=0. 
Put y=2x—a, and this equation becomes 
a —3 (a?—b) «+ (2a? — 3ab +c) =0, 


a.e. it becomes of the form 


Hence any cubic equation can be reduced to the form 
(1), which has no term containing 2%, 


- 150. To solve the equation a — 3px +q=0. 


z 
Put aa, and we have 


2 — 38pnz+ gr?=0 ..... ooenevecse (2). 
Now, by Art. 107, we always have 
cos 30 = 4 cos’ 6 — 3 cos 8, 


so that cos? 8 — 5 60s 8 ~ 5 08 B= U-esseesese.(3), 
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Now (2) and (3) are the same equation if 


z=cos 0, Spn=2 and ~ cos 30 = qn? 


4’ 4 
1\3 
Hence n=(z) , 
and therefore cos 80=— Aq ( Zo) ovvesessesensee (4). 


The equation (4) can always be solved (by means of 
the tables if necessary) if 


p be positive, and 4q jG) "< 1, 


te. if q? < 4p’. 


[The student who is acquainted with the Theory of Equations will 
notice that is the case which cannot be solved by Cardan’s Method. It 
_ is the case when the roots of the original cubic are all real. } 


If @ be the smallest angle satisfying equation (4), then 


the values 6+ ox and 0+ = 
also satisfy it, so that the roots of the equation 
a—3pxz+q=0 
1 1 2a 1 dar 
are 008 008 (04+), and 008 (04-5), 


t.e. 2/pcos 9, 2./pcos (0 + “Ty, and 2 4/p cos (2 + =) ; 
(See also Ex. 81, Page 203.] 
151. Ex. Solve the equation 
2 + 62?+92+3=0. 
Put z=y—2, and the equation becomes 
y-3y+1=0 
12—2 
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Put y=e , and the equation is 


£8 — 8772 + WHO... ccrcccessemesorscrsersorees(L)s 
Now cos 6 — 3 cos od 08 39 =0 2) 
i i =0..ssscccccseseerrecseser(Qpe 
Equations (1) and (2) are the same if 


#=cos 6, wine, and - Ds 30=n3, 


4 4 
ie. if n=}, 
and 008 39 = — 5008 O02: cessessissavescacecans (3). 


The roots of (3) are clearly 
: 40°, 40°+120°, and 40°+240°, 
so that 2=cos 40°, or cos 160°, or cos 280°. 
. y=2cos8 40°, or 2 cos 160°, or 2 cos 280°. 
* 2=y—-2= —2+2008 40°, or —2-—2008 20°, or ~2+4+2 008 80% 
On referring to the tables we then have the values of z. 


EXAMPLES, XXIIL 


Solve the equations 

1, %-32-1=0. 2, 29+3823-1=0. 3, 2°-24¢-32=0, 
4, 2*-62*+62+8=0. §, 2-212+7=0. 

6, 2°+427+2z2-1=0. 7. 2-T72+5=0. 


Maximum and Minimum Values. 


152. In Art. 133, Part I, we have given one example 
of the maximum value of a trigonometrical expression. 

We add another example. 

If cand y be two positive angles whose sum ts a constant 
angle a(}7), find when eina siny is a maximum, and 
extend the theorem to more than two angles. 
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We have 2sinasiny=2 sin «sin (a— 2) 

= cos (a — 2x) — cosa. 

Hence 2sinasiny is greatest when cos(a—2z) is 
greatest, v.e. when a= 2z, and therefore 

a 
T=Y=5. 

The product is therefore greatest when the angles 
and y are equal. 

Let there be three angles w, y, and z whose sum is 
equal to a constant angle 8(} 7). If, in the product 

sin £ sin y sin Z, 
any two of the angles # and y be unequal, we can, by the 
preceding part of the article, increase the product by 
substituting for both # and y half their sum without 
increasing or diminishing the sum of the angles. 

Hence so long as the angles , y, and z are unequal, 
we can increase the given product by thus making the 
angles approach to equality. 

The maximum value will therefore be obtained when 
the angles a, y, and z are equal. 


This argument can clearly be applied whatever be the 
number of the angles a, y, z.... 


153. We can now shew that the maximum triangle 
that can be inscribed in a given circle is equilateral. 

For, if R be the radius of the circle, we have (a3 in 
Ex. xxxvi. 10, Part I.) the area of the triangle 

=2R'sin Asin Bsin C, 
where 4+B+C=2m, a constant angle. By the preced- 
ing article it follows that the triangle is greatest when 
A=B=@. 
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154. Ex. Find the minimum positive value of the 
quantity a? tan « + 0° cot x. 

Let @tane+cobs=y, 
so that @ tan?2—y.tana+b?=0, 

Solving this quadratic equation, we have 

tan @ = yt Jy ~ 40° ‘ 
2a? 

Since tan @ is real the quantity under the radical sign 
must be positive, so that y? must be > 40°)’. 

Hence the least value of y is 2ab, and the corresponding 


value of tan a is a 


EXAMPLES. XXIV. 


1, Ifz+y be a given angle, less than z, prove that 
(1) sinz+siny, and (2) coszcosy 
both have their greatest values when «=y. 


9. Ifiz+y bea given angle, < 5 » prove that both cos2+cosy and 


_ ¢os*z-+cos?y have their greatest values when s=y. 
Find the greatest, or least, values of 
3 2cos @ 3 
* “,/3 © 2c086° 
cosec? 6 — cot 0 
5. Sosec?@ +cot 0" 
7, asec? 0+ b? cosec? @, 
If e+y be equal to a given angle 2a, which is less than =, find the 
minimum value of 4 


4, asecé—btand. 





6. a? sin?6 + b? cosec? @. 


8, tanz+tan y. 


9, secoa+secy. 
We can easily prove that 


1 1 
a ama cere me oa eaaiiise| : 
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10. Ifz+y=a, where ais the find when tan ztany is a maximum, 


2cosa 
cos a + cos (a — 2r) * 





[ We have 1—-tan z tan y= 


11. Prove that the maximum triangle having a given perimeter ia 
equilateral. 


[ tne area of a triangle oan be proved to equal s? tan 4 tan Pitan 7 | 


12. If2,y,z... be angles whose sum is equal to a given angle, and if 
each of the angles be positive and less than a right angle, prove that the 
product cos z cos y COS Z...... is greatest when the angles are equal. 


13, If ABC bea triangle, prove that the quantities sin 4 +sin B+sin C 
and sin Asin Bsin@ have their greatest values when tho triangle is 
equilateral, 


14. Prove that the area of the pedal triangle of an acute-angled 
triangle ig never greater than one quarter of the area of the latter. 


15. If ABC bea triangle, prove that the least value of 


cos 24 +008 2B +008 20 is~ 3. 


Prove also that cos 4+cos B+cos C is always >1 and not greater 


3 
than 3° 


16. If ABC be a triangle, prove that the quantities 
cot A+cot B+cotC and cot?4 +cot?B + cot? 
both have their least value when the triangle is equilateral. 


On the geometrical representation of complex 
quantities. 


“155. In Chap. IV., Part I, we pointed out that if a 
distance in any direction (say, horizontally towards the 
right) be represented by a, then —a represents the same 
distance drawn in an opposite direction, 7.e. horizontally 
towards the left. 
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The effect of prefixing — to a is therefore (Fig. 
Art. 48, Part I.) to rotate OA in the positive direction 
through two right angles. The operation —1 performed 
on a therefore means turning a through two right angles, 


“156. Now V-1xV-1=-1 ; hence whatever mean- 
ing we give to the operation V—1 it must be such that 
performing that operation twice shall be the same thing as 
performing the operation — 1. 

Let us therefore assign to the operation V—1 the 
turning any length through one right angle in the 
positive direction. Performing the operation V—1 on a 
twice will therefore, as it should do, turn a through two 
tight angles, 

Hence, with this interpretation, — 1a means a line 
drawn at right angles to the line denoted by a. 


»157. We can now shew what is denoted by 
a+V—T y. 
Draw OX and OY two lines at right angles, Measure 
along OX a distance OM equal to wand y, 
then draw MP parallel to OY and equal 


to y, so that MP represents V—ly. 

Then P is the point that represents the Pp 
quantity «+”—ly, or, again, we may o Mx 
say that OP is the line representing this quantity. 


We have OP=VOM?+ MP*= Va + ¥, 


MP 
and 2 MOP = tan Om 





= ta ay, 
£ 


t 
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Hence the length of OP represents the modulus and 
MOP the principal value of the Amplitude of «+7y. 
(Art, 18.) 

D158. Addition of two complex quantities. 

Let OP represent the complex quantity «+ iy and 

OQ represent u + i, so that 
ON=a2, NP =y, OM =u, 
and MQ=». 

Complete the parallelogram Ce et 
OPRQ, and draw RL perpendicu- oM Net x 
lar to OX and PS perpendicular to RL. 

Since PR is equal and parallel to OQ, we have 

NI =PS=0M, and SR= MQ. 





Hence OL=ON + NL=a2+4, 
and IR=I8+S8R=y+. 
Therefore OR represents the complex quantity 
a+u+i(y+), 


so that the sum of two complex quantities is repre- 
sented by the diagonal of the parallelogram whose two 
adjacent sides represent the two given complex quantities. 


J? Ape Let a oe 


notes w+ 4y =r (cos 0 +s8in 8), 
as in Art, 18, 


Then 
(cos a +4 sin a) (a + ty) =r (cos a + isin a) (cos 0 +7 sin 0) 
=r [cos (a + 0) +7sin (a+ 6)] ......08. (1). 
Now r [cos 6 +7 sin 0] 


means, with our interpretation, a line of length r drawn at 
an angle 6 with OX, 
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Also r [cos (a+ 0) +%sin (a + 6)] 
means a line of the same length r drawn at an angle a+6 
with OX (Art. 157). 

Hence, by (1), the effect of multiplying «+ty by 
cosa+t?sin a is to turn through an angle a the line that 
represents x + ty, 


“160. Geometrical meaning of De Moivre’s Theorem. 

The quantity : 

(cos a+ sin a) (cos 8+ sin 8) (cosy + 4 sin y)(cos 8+ 4 sin 8) 
means the line represented by cos $+7sin 5 turned first 
through an angle y, then through @, and finally through 
a, z.e. altogether turned through a+B+y4. 

But this total operation gives the same line as 

[cos(a+ 8+) +%sin (a+ +y)] [cos 5 +7 sin 5}. 

Similarly for any number of factors. 

Hence De Moivre’s Theorem expresses algebraically 
the geometrical fact that to turn a line through a number 
of angles successively has the same effect as turning the 
line through an angle equal to the sum of the angles. 


Bx. The three cube roots of unity are easily found to be 


2Qr Qe 
cor Onsen 0, 00s = +i sin 
4n . , 4 
and 00s ztisiny » 


so that we have 
(cos 0 +4 sin 0) (cos 0+ sin 0) (cos0 +i sin 0)=1, 


(con F-+ésin ) (00s +ésin =) (cos F+ésin $)= L 


F dr 
and os <= +isin) (cos 5 + isin St) (cos T+ sin 3)= 


}* 
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The first of these equations states that turning a line three times in 
succession through a zero angle gives the original line. 
The second states that turning it three times in succession through 


an angle = , (i.e. altogether through 2x) gives the original line. 

The third states that turning it three times in succession through an 
angle e (i.e. altogether through 4x) gives the original line. 

These statements are all clearly true. 


161. Multiplication of two complex quantities. 


If a+ty =r (cos 6 +7sin 6), 
and wu+tw=p(cosp+4sin ¢), 
we have 


(u + tv) (@ + ty) = rp [cos (8 + p) +2 sin (A + >)]. 


The effect of multiplying a complex quantity 2+ ty 
by another u+ tv is therefore to turn the line repre- 
senting # + iy through an angle 


¢ [é e. tan™ =| ; 
and to alter its length in the ratio 
1: p, te. 1:Ve+uu 
Hence the multiplying of one complex quantity by 
another is represented by “a turning and a stretching.” 
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1, Prove that the equation tan z= kz has an infinite number of real 
roots. 


2. If 4, B and C be the angles of a triangle, prove that 


1-8cos A cos Boos G 
is always positive. 


3. Ifaand f be the imaginary cube roots of unity prove that 
ae” + peh® =-e zip n Y3? 4 c08 v). 


‘ 3-3 cosa 
4, If x be less than a radian prove that z=2/ aime ve 


nearly, the error in the left-hand member being nearly z radians. 


5. If cos (6 +i) =seo (a+i8), where a B; 6, and : are all real, prove 


that 
tanh? ¢ cosh? 8=sin?a and ants B cosh? ge sin? 0, 


6. If e=2 cosacoshf and y=2gina sinh f, 
prove that 


8e0 (a +78) +s8ec (a — if) = ay 


and seo (a +78) — seo (a - if) = a as ° 
7. Prove that 

sin" ¢ cos né +n sin"~! ¢ cos (n— 1) 6 sin (8 - ¢) 

m (nD) sinr-# 4 008 (n— 2) 0 sin* (0~ 9) +... + sin" (0 $) 


=sin" 6 cosng. 


+ 


8. Prove that the roots of the equation 


= ao = ———* "2 gin (nd +24) 


—...... to (n+1) terms=0, 


a" sin 26 — nz"! gin (n6 +p) + ——-—* 


. < wT 
are given by a=sin(+ $-k) cosee (0-¥=), 


where n is an integer and & has any integral value from 0 to n—1, 
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9, Prove that the sum to infinity of the series 
1 sin? ¢ 1.8 sin’ @ 


3°38 +54 a a Pitees 
is 6, if @ be acute, and, generally, is nr +(- 1)", where x is so chosen 


that nx + (-—1)* @ lies between — 5 and +3. 


sin 6+ 


10, If the are of a circle of radius unity be divided into n equal ares, 
and right-angled isosceles triangles be described on the chords of these arcs 
as hypothenuses and have their vertices outwards, prove that when n is 
indefinitely increased the limit of the product of the distances of the 


a 
vertices from the centre is e%, where a is the angle subtended by the aro 
at the centre, 


11. The sides of a regular polygon of n sides, which is inscribed in a 
circle, meet the tangent at any point P of the circle in A, B, C, D...... 
Prove that the product PA.PB.PC.PD......=a" tan n@ or a®, according 
as nis odd or even, where a is the radius of the circle and @ is the 
angle which the line joining P to an angular point subtends at the 
circumference. 

12. Aregular polygon of n sides is inscribed in a circle and from any 
point in the circumference chords are drawn to the angular points; if 
these chords be denoted by ¢,, cs, ... ¢,, beginning with the chord drawn 
to the nearest angular point and taking the rest in order, prove that the 
quantity 

© Cat Calg t ... +n yon — Cnty 
is independent of the position of the point from which the chords are 
drawn. 


13, Aseries of radii divide the circumference of a circle into 2n equal 
parts; prove that the product of the perpendicnlars let fall from any 
point of the circumference upon n successive radii is 

eri sin 76, 
where r is the radius of the circle and 6 is the angle between one of the 
extreme of these radii and the radius to the given point. 

14. If a regular polygon of n sides be inscribed in a circle, and I be 


the length of the chord joining any fixed point on the circle to one of the 
angular points of the polygon, prove that 


2: 
ZP"™=na™ fe 


190 
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ABCD.., is a regular polygon of n sides which is inscribed in a 
circle, whose radius is a and whose centre is 0; prove that the product of 
the distances of its angular points from a straight line at right angles to 


OA and at a distance b(> a) from the centre is 


16, Prove that there is one, and only one, solution of the equation 


von (fa) -ann (Sarg) 


@=cos 6 and that it is less than =, 


17. 


18. 


19. 


20. 


21, 


22. 


and 


4 


Prove that the general value of @ which satisfies the equation 


(cos @+% sin 6) (cos 20 +7 sin 26) ...... to n factors=1 


4mr 


a@ti)’ where m is any integer. 


Prove ec 


Teta 2 {1424} {1+(3)} {+(3 Vf vee ad inf, 


Prove that 


a xf x zp -} )] 
Ltt et pot ed inns [+26 cos (4S . 
Shew that 
+> 


Shew that the sum of the series 
—. 1 1 .. Sxt 
I ee Peel A 
= le iy? ory] 799 


Prove that 


4m og Pee leer 
+0087, Tt $008 G7 +008 T= 5» 


2r 4n l4r 164 =8. 
Be 75 + sec TZ +... $8ee Tr tet 


cos — ae +cos 


17 
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93, If axon ia prove that the values of 


: _ ¢08 a+cos 5a+ cos 174 
and cos lla +cos 13a + cos 19a 


A241 and - J21+1 
4 4 . 


are respectively 
94. Prove that 
tan a+ tan («+ 3) + tan(a+Z) 


+tan («+ 3) +tan (a+) =5tan 5a. 


25, Shew that the equation whose roots are tan == i a where r is any 


number including unity less than and prime to 15, is 
28 — 9275 + 13424 — 282941=0. 


26. From the sum of the series 
sin 29-5 in 40+2in 60-... ad int, 
or otherwise, shew that 


1 3 
at hh ... ad inf, 
27, Assuming equation (4) of Art. 53, shew that 
. 2sin‘@ 2.4 sin’ @ 
_— 2 PUGET —- —$—$_—<—= 
@=sin 943 a +35 Bo teste “ 
28, Prove that 
a a A (ee 1. 
22 cosh z—cosa a?+z? al (2nx — a)? +22 + Gna ta)yit x 
29, Prove that the general value of sinh—z is 
ike +(~1)tlog[x+./1+27], 


where k is any integer. 


80. The side BC of a square ABCD is produced indefinitely, and 
along it are measured CC,, C,C,, CC, ... each equal to BC. 
If 6,, 04, Os,... be the angles BAC,, BAC,, psa ee , prove that 


3 sin @, siné,sin 0... ad int.=2,, /__™ 








wer 
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Sl. If py, po, wu py, be the distances of the vertices of a regular 
polygon of n sides from any point P in its plane, prove that 
1 1 1 n ren _ gon 
pr are pe sie if Pre 72 —a2 72" — 2a" cos nd +a2"’ 


where a is the radius of the circumcirele of the polygon, r is the distance 
of P from its centre O and @ is the angle that OP makes with the radius 
to any angular point of the polygon. 

32. Ifé+¢+Yy=27, prove that 

cos? 6 + cos? ¢ + cos? y — 2 cos 0 cos cos Y=1. 

Hence deduce the relation between the lengths of the six straight 
lines joining four points which are in one plane. 

83. Shew that the general value of log (-1) is (2n+1) wi, and point 
out the fallacy in the following: 

log, ( - 1) =3 loge ( - 1)? =} 10g,1=0; 
, -1l=e&=1. 


. n=O 

84. Prove that the series 2 2 sinh (n+1)a is convergent if x is 
n=0 

numerically less than e—«, a being assumed to be positive, and that the 


n=O 
sum is sinh a/(1- 22 cosha+.*)}; but that the series Z a* sin (n+1)a is 
n=0 


convergent provided that 2 is numerically less than unity, the sum 
being sin a/(1 —2x cos a + x?). 
35. Assuming the formula for sin 6 in factors, prove that 


(1+2) (1-§) (1 +3) (a -7z) (1435) ves = COS etv3 sin, 


where the signs alternate in the factors and the denominators are the odd 
integers not divisible by 3 in ascending order. 
3 
Shew that 1-4,44,- 54... too = 72, 
36. A point is taken in the plane of a regular polygon of n sides at 
a distance c from the centre and on the line joining the centre to a vertex, 
and the radius of the inscribed circle is r. Shew that the product of the 
distances of the point from the sides of the polygon is 


c® n ae if 
ae guzy COs” 5 costs js ife>r, 





and is a any cosh? G cosh™} z)sifen. 
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MR, Tf (a, +b, i) (ag +dg7) ... (@p+0,7)=A+ Bi, prove that 
tan“) © m1 + ten br ., .+tan7 a =tan-1 2 B 
a ay, A’ 

[Use De Moivre’s Avene 


2, When =z is small, shew that 


‘ 
log sin z=log x — ad 


a 
6 180° 
3. Shew that 

sinh (8 - y)+sinh (y-a)+sinh (a — 8p) 


= Asinn 8=7 ein Y—% einn 2-8 
=4 sinh —~ sinh 5 5° 











4, Prove that the circular measure of an angle @ is equal to the sum 
of @ constant and one of the two series 


tan 6- ; tan’ +5 tant O-..., 
— oot O45 cot 0-5 cotSé+..., 

distinguishing the cases. 
Give the constants for the angles 49° and 200°. 


5, Sum the series 
a2 Bat G26 ar Se 
1- [2 + Ee a (es to infinity. 


6. Prove that 


coth-1 a=} log sti. 


Expand coth~! x in a series of powers ee a. 


7, Shew that 
1 1 1 1 
2cosa-2cosa-—2cosa—...-2cosatp 
_ sinnatp sin (n-la 
: ~ sin(n+l)a+psinna’ 
there being » quotients on the left-hand side. 
[Use the method of Induction.] 


L. T. IL, 18 
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8. Shew that the geometric mean of the cosines of n acute angles is 
never greater than the cosine of the arithmetic mean of the angles. 





9, Find all the cube roots of 88+16 ,/—1 having given that, when 
2 
tan @=2, then tan 30= « 
10. Find the limit to which 
sing _ ,—sinz _ Qtans 
tauz-—z 
tends as x tends towards zero, 


e 


ll. Prove that 


Ja-b b+acosz. 
2 tan7 a- = ~1 
() o [ a+b tan 5 2 |= a+b cosa’ 





—— — x 
Jb+a+ Jb—a tan = 
ii) log 2 scoph-1 2+ 4 008 2, 
eres hoe eae a+bcosa 
2 


12, Find the sum of the series 





: 4. 6 . : 
Ts in 2e- 5 sin fete sin 6z-... ad inf, 


for all values of 2 between 0 and z. 


13. Prove that the sum of n—1 terms of the series 
tan 2 tan 2a+ tan 2a tan 84+ tan 3a tan da .. 
is equal to tan na cota—n. 
Deduce the sum of the series 


1.24+2.34+3.4+... to (n—1) terms, 


14, Prove that 
aides .36.100.196 .324.., 
~ B.36.99.195. 323... ° 
fe 8.80. 224. 440... 
gaa coee =9.81.225.441.. 
[Use the result of Art. 123.] 
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15, A triangular piece of ground is surveyed and the sides measured 
as 200, 300, and 400 links respectively; but the measuring chain has 
worn so that its real length is 2°), greater than its nominal length. 
Find the error in the calculated area of the triangle in square feet, if 
100 links=66 feet, 


16, In any triangle, shew that the radius of the inscribed circle is 
never greater than half the radius of the circumscribed circle, 


[Use the Corollary of Art. 204, Part I.] 





17. If c=cos6+ J =I sin @, prove that 
ook 
20+ 2a+ Qa+ 


= (cos 0-+.c0s* 9) — cos 6+ 4/—1 [(cos 6 - cos? 6)$ - sin 6]. 


18. Prove Snellius’ formula, that 2 differs from 


Sate ae! b ond near], 
2(2+00s 22) 7 4 at 
when 2 is small. 


19. Shew that 
tan-! (: a4) =— = log’. 
z+a 2 z 
20. Sum to infinity the series 
7 e 19 31 Pa 
1.3.5°5.7.9'9.11.13¢"" 
the numerators being in arithmetical progression. 


[Put =F in the result of Art. 94. | 


21, Sum to infinity the series 


cosé cos2@ cos 36 
T2+e3 t git 








22. Sum to n terms the series 
tana+2 tan 2a0+2% tan 27a+.... 


23, Expand cae ties a series of sines of multiples of 8. 


1-sin a cos 6 
13—2 
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24, Sum the series 
> An+B 
n=-0 (+a) (n+b) (n+c)° 
, [Break into partial fractions and use Page 158, Ex, 7J 





ial" /25. If cos@+cos¢+cosy=0, and siné+sin ¢+sin y=0, 
ae cos 38 + cos 3¢ + cos 3p — 3 cos (6+ ¢+y)=0, 
yr sin 30 + sin 39 + sin 3y — 3 sin (0+¢+y) =0. 
26. Shew that the angle whose sine is iW3 differs from the seventh 
part of two right angles by less than the thousandth part of a radian. 


27, Shew that the area of a segment of a circle of height h, 


bounded by a chord of length c, is = he, if powers of s above the first be 
neglected. 
28, Shew that the solutions of the equation sinh a=sinha are all 
included in the expression 
nni+(-1)"a. 
29. If x lies between 0 aud 27, prove that 


sin2z sin38z sin 4z 


Ts trata 35 t* ad inf. 


1; - 
=jsine [ 1- 4 tog (2 sin a . 


80. Given that tan (¢+ 6) cos 2a= tan ¢, 
prove that 
6=tan*a@ sin 26+ ; tan‘ a sin 46+ ; tan® a sin 66+... 


81. The area of a triangle is determined by measurements which 
give b=125 feet, c=—160 feet, 4=57° 35’. Another set of measurements 
give bj=125°5 feet, c,=161 feet, 4,;=57° 25’. Find the percentage 
difference between the second determination of the area and the first. 


32, Find the maximum value of 
ain (a — 8) +sin (8 - y) +sin (y-2). 


(Consider the maximum area of a triangle ABC inscribed in a circle of 
centre O, where OA, OB, OC make angles a, B, y with a fixed line.] 


, 


rm. 


Ads <t - 


ihe bss 
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L- 83. From the identity 
a3 b3 c? 
(a= (a= 2) * (=a) (=<) * =a) (C=) 
deduce the identities 
Zcos 3 (a+ 4) sin (8 -y) 
=4 cos (30+a+ 8+) sin (8 — y) sin (y— a) sin (a - 8), 
and Zsin 3 (a+ 4) sin (8 --) 
=4 sin (36+a+8+-) sin (8 —) sin (y — a) sin (a - 8). 
[Put a=cos (2a + 20) +7 sin (2a +26) etc.) 





84, Prove that tan 2-24 tan 5 differs from 4sinz—l5z by a 


ey of the seventh order at ee 


i 85, If a be the length of the chord of acircular arc, and b that of 
e chord of half the arc, prove that the length of the are is 


8b - 
3 


If ¢ be the length of the chord of one quarter of the arc, prove that 
@ nearer approximation is 


a . 
approximately. 





a—40b + 256c¢ 
45 ° 


If the aro be a quadrant, shew that these approximations give the value 
of w correct to 2 and 5 places of decimals respectively, 


86. If log, log, (« + iy)=p-+ig, then 
y= tan {tang log,V/z?+ 42}, 


37. Prove that 











cos? @  cos® @ cos 36 cos 50 
cos 6 — ee - ET oe 
3 + 5 cos 0 3 + [5 
3 3 iad 5 44 - 
1 - £98 G |, S08 ae 1 — 00828 cos 40 





e* of eB * Ee 


88. Find the sum of the series 2 
sin 6 sec 3@ + sin 36 sec 3°6 + sin 379 seo 8°9 +... to n terms. 
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39. Ina triangle 4BC, if b<a, shew that 


(i) B=" sino+; 5 psin2c+3 > » inac+. sity 


bi) 
and (i) wr einnBan sin o+ 22+) Mainag 
y tint) (n+2) = 


1.2.3 sin3C+.. 


40, The sides of a triangle are observed to be a=2, b=3, c=4, but 
it is known that there is a small error in the measurement of c; find 
which angle can be found with the greatest accuracy, 


t-~ 41, From the identity 
a2 en z= 2) (t-¢)(x-a) oft O(t—- 2) _ a 
(2 ~ b)(a -c) (b-¢)(b-a) ©” (¢-a)(c-b) * 
obtain the identities 
cos 2(6 +a) cape + two similar terms = cos 40, 
sin (6 — 8)sin (@- y) 
sin (a ~ 8) sin (a - ) 





and sin 2 (@+a) +two similar terms=sin 40, 


e? sin 6 cos 6 
42, If tan (@- 4¢)= Toate’ and e be small, prove that 


o=0- sin 20-© (2ein 29—sin 40) +... 


43. If cos (5 sin @ )=sin (F cose ), 
shew that @ has four sets of values given by 
3 -). 4n-14NV 16n*-8n-1 
+0=(2m47) a tlogst— tte One , 
where m and n are any integers, positive or negative, and m may be 
also zero, 
What is the solution when n=0? 


44, Find the sum to n terms of the series 


tan 0 tan? +2tan J tan? 5 +9?tan 5 tant J ae is 
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45. If cot ¢=2 +cot 0, expand ¢in a series proceeding by ascending 


powers of z. 


ims Shew that the sum to infinity of the series 
1.2 2.3 38.4 
er tg tate 
F aw? (12 — 1) 
_ 364—~S 
[Use Art. 127.] 
47, Evaluate the continued fraction 
eg te a oe ee 
cot 20— oof 20-..,—cot2"-19— tan2"9° 





cot @— 


48, Prove that in any plane triangle the value of 
tan B tan C + tan Ctan 4+tan 4 tanB 
cannot lie between 0 and 9. 


[Shew that the expression=1+ sec A secBsecC and then apply the 
method of Art. 152.) 


49. If cos z=cos (2+) cos A+sin (z+2z) sin Acosh, where x and A 
are 60 small that powers higher than their cubes may be neglected, 
shew that 


w=Acosh— 5 Ateot « sin? hts AS cos h sin? h. 
50. Prove that if 


(L+itan a) t#tanp 


can have real values, one of them is 
(sec a)*e"P . 
51. Sum to x terms the series 
cot 2a ___ cot 3a cot 4a 
1- cos? 2a sec?a © 1—cos?3asec?a  1—cost4ancc*a ** 


§2, Prove that 


a/ 1+c08008 = qa- efiy-h 4 (l- e 8-4, 


and deduce an expansion of 


i 


1 
3 1+coseo 


in cosines of multiples of @. 
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53, Prove that 
2n —1)2n ran = 
(c+1)"+(z~-1) Rice [ 2+ toner 2), 
2 ral 4n 
[Use the first formula of Art. 120.) 


54, Find the sum of the series 


1 x 1 ° 
Tat mt gr_gat---ading. 


55, Shew that the area of the greatest triangle, whose base is b and 
‘ ; F : rb? 
the ratio of whose sides is 1, is T-* 





56. Shew by a graph that the equation sin c=tanh « has an infinite 
aumber of real roots, and that the large positive roots occur in pairs one 
a little less and the other a little greater than (2p +4), where p is a 
large positive integer. 

eee 

57. Regular polygons of 7 sides are inscribed in and circumscribed 
to a circle. Shew that, if n be large, by taking the mean of the peri- 
meters we get a nearer approximation to r than we should get by taking 


the mean of the areas by about ina 


58, A regular polygon of n sides is inscribed in a circle of radius a; 
prove that the sum of the reciprocals of the distances of the angular 
Points of the polygon from a tangent to the circle is 

2 
=. cosec? 26, 
2a 
where 26 is the angle which a radius drawn to the point of contact of the 
tangent makes with the radius drawn to one of the angular points of 
the polygon. 


59. Shew that the principal value of 


(a + bi)Ptet 

(a—biyP-a 
is cos 2 (pa +g log r)+i sin 2 (pa+glogr), 
where r=Na2+b, and a=tan12 . 


60. Sum to x terms the series 


6 @ 
cosea 9 + cosee 5 + coses Rt ense 
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61, Sum to n terms the series 


1 1 1 
1—-taub a tanh 2a t 1 - tanh 22 tanh 4a a I—tanb 3a tanh Gat 


62, Shew that 


sin @ re eae 
= ce 
1—y + y? seco ef y” sec” @ sin (2 +1) 


63, Prove that 


a) 
(741 








64. Prove that 


‘ = 40 40 49 46 
sin 0+0080=(1+ De-Z( +e) - 7s) 


and deduce that 
1 1 1 3 


L-ait pr Gate aap. 


[7 the result of Exs. XXI, No. 18 put a=. Then take logarithms 


and equate the coefficients of powers of 0. | 





65, Shew that 
+ poll 22m 2 Sar 2 Ar soz? 
cos qt cos Tq t 008 Tj + 08 ti + cos ta 
66. If z=sin . » Shew that z is a root of the equation 
6428 ~ 9624 +3627 3-0, 
and write down the other roots of the equation. 
67, Shew that the roots of the equation 
y®—y* ~ 6y4 + by? + By? - 8y+1=0 


are the values of 2 cos it » where 7 has either of the values 2, 4, 8, 10, 
16, 20, 
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68, It &+1y=b (cos 8 ++ sin 8) (cos 6+¢8in 6) 


+c (cos y+¢sin ) (cos @—csin 6), 
where b, 8, c, y are real constants and 2, y, @ real variables, shew that 
as @ varies the point («, y) describes a conic section. 


7 Be? | ee. 
69, If $=0~2e sin 6+ sin 26 ~ = sin 30, 


2 3 
prove that @=¢+2esin 6+ Be sin 26 + 6 (13 sin 3g - 3 sin ¢), 
where powers of e above the third are neglected. 


70. Prove that, if powers of 6 beyond the fifth be neglected, then 
2 
6=2 sin ; + a (cin 9-2 sin 3) + (1 - os 6)2, 


71, If A, B, C, D be four consecutive vertices of a regular heptagon 
inscribed in a circle of radius unity, prove that 


AC+4D- AB=,/1, 





72. Prove that 
ceeeet ria 4 5x4 6126 ri 188528 
Be ee Bo 
82? ; 3324 if 72328 
iz te te Fee 


73, Ifnis odd, prove that 


and sec? o>] + 


cot? are cot? 5 + te soot? @=1) =! "= ; (n-1) (n-2). 
74, If be even, prove that 
cot? +cot? Bry gotta rl, (n= 1). 
2n 2n 2n 2 
75. If nis an even integer, prove that 


eee ne 2 (20-3) _nt 
an t See mat sec’ On te: + 5e0 on =3 


76. Prove that 


sec? 


r=n—1 
2 sec? ( at are ) 
) n 
is equal to n? sec? na, or to 
n? 





" > 
1-(~1)? cos na 
according as n is odd or even, 
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77, By equating the coefficients of n® in equation (4) of Art. 52, 
prove that 
1 intapat.%4(1,1\132 14 1)\1.3.52" 
gin aP=a-gtlit a) oa s nt mts) 2.456 7 
78, Solve the equation sinh z=38z bya graphic solution, and thence 


obtain a nearer approximation by analytical methods. 


79. Solve the equation e*=382r by a graphio solntion, and thence 
obtain nearer approximations to the answers by analytical methods. 


80. If tan 3= tanh 5 
shew that cos z cosh z=1, 


By means of a graph and the Tables, shew that the smallest root of 
this equation is 4°730 approximately, and find roughly the values of the 
other roots, 


81, If two of the roots of the cubic 2*- 3pz+q=0 are imaginary, 
80 that q?> 4p, shew that (i) if p be negative, the roots are 


/-4psinhu, ./—p[-sinhu+i,/3 cosh u], 
where sinh Bu=5 —1_; 


and (ii), if p be positive and g be negative, the roots are 


/4p cosh u, ./p [-cosh ui ,/3 sinh wu], 





1 sq 
where cosh 8u= — — 7 
2p Jp 
; wad ing, 
82. Uf Ped =a (cosa+isina), 


shew that the general value of z is r (cos 9+i sin 9), 


(2nw +a) sina+logacosa 
pif Bod Bas ati Raed Paced 


hi = 
where log r A 


ea nmta) cos a-loga sina 
a 


and 


83, Criticise the fallacy 
f= (e~ Mime Ow - i] = 8-27, 
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84. If Z=(2n+1)Z, 


where n has any positive integral value, prove that the solutions of the 
equation tanz=<z are approximately 





1 1 1 1 w-2 
85. Prove that 1.87 3.6+5-9-7t => 
1 1 1 w/2-4 
aad 3.6 7.97 i1.13 ~ is. de 3° 
| For the second part, in the expansion of log 772 #3 putexiyi="Zy, 


Sum to n terms the series: 








86 sin 3a sin 5a sin 7a 
: cos 2a cos 4a " cos 4a cos 6a” cos 6a cos Ba 7 
8 tan’ 6 1 tan?3@ 1 tan 329 es 
7 1-Btan?6 "3 1-3 tan®30* 331-3 tan?a%9 T° 
8 1+2cos 2a 1+2cos 4a 142 cos 8a 
88. sin 4a sin 8a sin léa ves 
o o9,..8 ® os... 9 @ 

89. 2cos a +2 Cos 5 con 5 +2 008 § cos 5 cos +. ooo 

2 cos 6 - cos 36 2 cos 36 — cos 829 
90. sin 36 sin 329 

on-1 2 cos 3"-1@ — cos 3"9 
o sin 3°6 : 

8sinz-sin32 38 sin 3z—-sin 32¢ 8 sin 8°12 — sin 3"x 
91. cos 3x 3 cos 822 oy 8"-! cos B%z 

sina sin 3a _ sinda 
92. cos 2a ° cos2acos 4a cos 4a cos 6a : 

sin @ sin 36 __ sin 96 + 
93. cos @—cos 20 ' cos 3¢—cos 6@ ' cos 99—cos18@. """* 
sin 32 sin 6z sin 122 

94, 7 





sinzsin?2z sin 27 sin? 4x “ gin 4z sin? 8z 
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95. ; tan 26 tan? @ + 5 tan 276 tan?20 + ...+ x tan27@ tan?2"“164.... 
96 tan! 2 tan-? J? a +... +¢an-! 1 age +. 
y : 31 iso 367? — 
4 4 4 
-% = + ey eee 
97, tan qt ten Igt- + tan Pas maat 
-1 oe os MS 
98. tanh-!x + tanh os 7; + tanh" joer, - Bu: Hoses 
-,_zsing _, 2 sin 20 
99, tan 1+<2 cos or ign 1+? cos 26 
a2 sin 40 a8sin 80 
-1 -1 
+n 1+24cos dot tan 1425 cos 8¢ 
6 6 Ci) Q 
100, cosh 5+ 2 cosh 5 cosh at vse $27) cosh 3 cosh 2 1 .. cosh x ‘ 
1 1 
; 101, 3 coseo ; cot ; +5 rr cose & cot & gat +e cosee &, cot a 
102, Sum to infinity the series whose rth term is 
* cosré tan” 6. 
in 
108, Prove that 
6~—sin @ cos @=2 sin 6 sin? 5 +2%sin sain? & Ss 
+2? sin jisin +... ad inf. 
104. Shew that 
tan = 
Ss. gn eet ies s 1 
n=lon~ 0 sind6 6° 
2.- 
105, Shew that 
1 z 
;= tan} gt tan-! P+tant 4 es =a ttan it ... to infinity, 


and that 


ca 1 
i= tan7 gttan? oe tan * + ton 2 3 +tan-? 


1 
129 16° 
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106. Shew that 


n=] 4° 


"San (2) <8 
n 


107. Prove that 
cot! 2+ cot-) 8+ cot-118 + cot~) 324... tow = 


108, Find the sum of the infinite series 


l+a Bet et 


Ey tie 


19 9 
109, Shew that 


af 
ets iD ale 2 ..ad inf. 


7 *Istigt 
2 
2 gg 42 (14242) +8 tan-12N3 





110, Find the sum of the series 
ken eee | 1 1 


1 . 
l-at+g-Gstig- atm ad inf, 


111, Prove that 


1 1 “1 a4 4 8027 ~ 384 
im wat g ate pte to inf. = —— 8° 
112, Prove that 
1 1 1 1 
® Tete tnimt pit 
and that 
1 1 acs a 
(2) woiteoitey .. ad inf, = 
[Use the result of Ex. 7, Dane 158.) 


113. Prove that 
1 = 8 4 5 9 we 
i422 B42?" Bye" 4 2° 





7 ra 
— g coth 5. 


and that 
1 3 5 7 


Peat ype Bye pet 
= 
=3 8 2° 
[ Ue the relation in Ex. 9, Page 168, he ze and 


4 2 
for 0. | 


> T r 1 
ad inf.=5 coth q75 





(l-2)? I-2+2' z+aiyt 1-a?* 


3° 


wr 6 
at3 
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Ai, When n is even, prove that 


| 

-f1- 2 

ee Il (24+ tant =\ , 
rel 

Deduce that 


tan 3a 4 m- lr_ 


T Qa 
ma tan op ton aa ta ah 


A5. Prove that 
(1+2)"-(1-2)* 
2a 


= (# + tan? z) (# + tan? =) a (# + tan? =) ‘ 
n n n 


where r=3 (n-1), and n is odd, 


116, Shew that the infinite product 











1 1 1 
1l+5 l+5 1+ 
x x x 
1 1 i oo 
l+i5 l+5G l+3G 


is equal to sech (3 T J/3) sinh 7. 


117. If a, 8, y... denote the prime numbers 2, 3, 5 ..., prove that 
a? _, a7? fed 2, p73 
a+l+a-2' B+1+p°7°" 
118. ‘Two regular polygons of n sides 4,, 42... 4,, B,, By... B, are 
inseribed in the same circle of radius a. Prove that 


0 (4,B,)=2a"" sin» ©, 


to infinity =2 : 


where r and s have all values from 1 to 7, and @ is the angle between a 
pair of radii drawn one to a corner of each polygon. 


119, ABCD... isa regular polygon of n sides, inscribed in a circle 
of radius a and centre O; shew that the sum of the angles that 
AP, FP, CP...... make with OP is 


where OP=r and £2 AOP=8@. 


(4s in Art. 119 break 2" — a" cos nO + ia® sin n@ into linear factors, and 
apply the theorem of Ex. 1, Page 193.] 
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120, Along a tangent to a circle are measured from the point of 
contact B distances BB,, B,B, ... equal to the diameter of the circle 
and C,, C, ... are the middle points of these distances. From A, the 
other end of the diameter through B, lines are drawn to the points 
B,, By... Cy, Cy... meeting the circle in },, bg... Cy Cg... Shew that 
the product of the chords Bb,, Bb, ... bears to the product of the chords 
Be,, Beg... the ratio 

s/w ooh © 11. 


121. Shew that 
=1 =tan— 4 —$ tan- aay 
tan—! (tanh y cot z)=tan 5 z tan Wat att ye 
Two points, P and Q, at a distance 2d apart are at the same distancec 
from a straight line and are also equidistant from one of an infinite series 
of points uniformly distributed along the line at distances a apart. 


Shew the sum, @, of the angles that PQ subtends at the points is such that 
tan 8 tan we oth? 
2 a a 


(Take sin (2+ iy) in factors (Art. 122) and apply the theorem of Ex. 1, 
Page 193.] 


122. Prove that 


ha 1 _ cosh r~cos ra/8 
[; ~ n+ n-2 | ~ cosh r./2 — cos mw /2” 


(In equation (2) of Art. 130 first put 2a=a and 26=7,/3; next put 
2a=m/2 and 20=7,/2. Divide one result by the other.] 





n=l 


123, Shew that the sum to infinity of the series 


2 n? 
tan“ n?+tan7) mt tan—! gates 
tan a-tanh a nr 





is tan“! » Where a= a 


tan a+tanh a 
[Start with the result of Art. 122 and put =n i] 


124. Prove that 
2 3 
tan! n? + tan7? zt tan-! oe ... ad inf.=tan— (tan 6 tanh 6), 


nr 
where 6= 272° 
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125. Prove that 
tan“! (cot @ coth ¢) + tan— [cot ( O+ =) coth o| 
2a 
+tan7! [ cot (0+ =) coth e | +... to n terms 


is tan-' (cot n@ coth ng), or tan! (cot né tanh nd), 


according as n is odd or even, 


[Use the result of Ex. 21, Page 145.] 
126. Find the sum of the infinite series 
tan-? a + tan-! at tan-3 a+ oo. Ad inf, 
[Start with equation (2) of Art. 180 and put Qa=20=7/2. Mi.) 
127. Prove that 


tan7! # -—tan—) EB 2+tan—) ze- .. ad inf, = tan~) (tanh 7) , 


[Pee a=] and 6="2 in Ex, 18 of Page 159. | 


128, If z be a positive fraction, and if tan-! y mean the least positive 
angle whose tangent is y, prove that 


Pacen -) (2r+1)z 13 soy TE wx "| 
-i1y 1 1 = . 
2 (-1)" tan (@r+ip—ai tan [ sin ZZ 





129. If ABC be an acute-angled triangle, shew that 
sin 4 +sin B+sin C>cos A +cos B+cos CG, 
130. The internal bisectors of the angles A, B, C of a triangle meet 


the opposite sides at D, E, and F. Shew that the area of the triangle 
DEF cannot exceed one-fourth of the area of the triangle ABC. 


131. If 8 lie between 0 and 5 shew that as @ increases from 0 to 8 


the expression 8 sin 6-6 sin 8 first continually increases and then con- 
tinually decreases, 


L. T. IL 14 
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132. Prove that the determinant 
cos8, 1, 0 O .. 0 
1, 2cos#, 1, 0, 2, 0 
0, 1, 2cos@, 1, 0 


wee wes 0; 1, 2cos 6 


of m rows and columns is equal to cos 20, 


133, Shew that the nth convergent to the continued fraction 
1 1 1 
2tana+ 2tana+ 2tana+‘" 
(tan a+ sec a)” ~ (tan a—sec a)" 
(tan a +sec a)"*1—(tana—seca)?Hi* 








is 


134, Shew that the nth convergent to the continued fraction 
sect a sect a sect a 
2-2tan?a~ 2—2tan?a— 2-2Ztan?a— 
sin 2na 


i cos? a sin (2n+2) a" 


185. Prove that 
sec? a sec?a sec?a secta 
4- 1- 4~- ]l- 


to r quotients is equal to 














sin ra, 
2s8in (r+1)acosa* 


136, Shew that 
eee 
wr Bs 5-° veee 

[In the following Examples it will be found convenient to use the 
Differential Calculus.) 

137. Prove that 

T 2x 
cot? ¢ + cot® (o+Z) +cot$ Pt )ten to » terms 
=n3 cosec’ n¢ cot nf — n cot ng. 


[Differentiate twice the result of Ex. 6 of Page 73.] 
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188, The two equal sides of an isosceles triangle are given in 
iength; shew that when the radius of the inscribed circle is a maximum 
the angle between the equal sides is 76°, to the nearest degree, 


189, Sum ton terms the series 


1 z,1 1 x 
9 + see? +. — — sec? +4 
secre +7 sects + § SCC? 55 bees 


sec? = + 
4 23 


140. Sum the series 








1 cos 36 1.3 cos50 F 
cos O+5 3 2.475 7 ad inf. 
ght 


141. Express 
with denominators quadratic in x. 


142. Shew that 
cose 1 1 1 1 1 
sin? x? + (2+) aa (c-7)8 +a Q7)8 ai (x - 27)8 meses 
[Differentiate the result of Ex, 11, Page 159.) 
143, An infinite straight line is divided by an infinite number of 
points into portions each of length a. Prove that the sum of the fourth 


powers of the reciprocals of the distances of a point O on the line from 
all the points of division is 
a (3 cosec* ws cosec? 7) ; 
where 6 is the distance of O from some one of the points of division. 
[Differentiate twice the result of Ex. 11, Page 159.] 


144, Prove that 
Lone | x /2 sinhre.J/2+sina7z,J/2 1 


Z*—Bz" cosndai °° the sum of n partial fractions 


[In equation (2) of Art. 130 put 2a=20=x2./2; then take logarithms, 
and differentiate with respect to z.] 


14—2 


ANSWERS TO PART IL 


I. (Pages 9—11.) 
8. log, 2, 9. log, 3 — log, 2, 


IL (Pages 24—26.) 
/2 (cos | +ésin 7). 
2 [cos (- on +7sin (- )] ; 


5r . Ba 3. 4 
2 cos gin |. 4. B[ Ets 
+1 Fi 1 
SE+ 2/2 Reece ‘Taal: 
(/6 — ./2) cos O74 sin |, 
cos (100 + 12a) —¢ sin (100 + 12a). 
cos (a + B—y—8)+ésin(a+ B-—y—8). 
cos 1076 —7 sin 1078. 10. —1. 
sin (4a + 58) —7 cos (4a + 58). 
arrisint 2 $ 9g ETOH, 
3r 


7 Lisi "3 ox +¢#sin =. 
cos Ft tsin =; cos = ¢ 5 


Til. (Page 30.) 


144,43 
1; —3™=. 








: i a re 
+ (cos 55 1B +¢sin i) py enere r= 3, 7, or 11, 


44, and + (cos 55 +ésin Fp), where r=1 or 8. 


10. 
11. 


TRIGONOMETRY. (PART IL) ii 
+93 (00s FF + isin ua)? where r= 1, 9, or 17. 
3/2048 [con F + isin F], where r= 5, 11, or 17. 
+ 4/2 aan I where r=1 or 7. 
4/2 | cos = 77 +ésin — |, where r=1, 13, or 25. 


18 is 
/4 [<o FE = +isin Ae where r=— 1, 5, 11, 17, or 23. 


+2 and + 2%. 
2, and 2 cos Fs isin FI, where r= 2 or 4. 
~1024. 18, itv ands a “1 


+1, +4, +(cose+isin=), and +(cos2+isin= 
ee. Pe Te 6- 6 ? ae 3- 3 : 


The last four values. 


17. 


18. 


19. 


a a2 
-—1 and cos +isin—, where r=1, 3, or 5. 


i> 7 
Tv -. Tv . . 
-1, cos g teeing, +(cosG +isin 7), 
and + So sedate 
. +( 4 «7 7). 
24/2 cos where r=1, 7, or 13. 
\ Iv. (Pages 36, 37.) 
5 tan 0 — 10tan® 6 + tan’ 6 
1—10tan?@+5tan‘? ~ 
7 tan 0 — 35 t ?@ + 21 tan’ @ — tan’ @ 
1 — 21 tan?6\ 35 tan‘@—7 tan°6@ ° 
9 tan 6 — 84 tan®@ + 126 tan® 6 — 36 tan’ 6 + tan® @ 
1 — 36 tan? 6 + 126 tan‘ 6 — 84 tan® 6 + 9 tan®@ 





29. 
33. 


ANSWERS. 
V. (Pages 46—48.) 





e ; ” 1 2 a 5 1 
S°48'51". 7. 5. 8. oe Oe 
@ a +ab +b 
8. 12, 5. 13. 0. 14, --S 
1 25 
~5- 16. 2 a 1 7. 
n—m 1] 
-o, 20. 2 : al. a. 
_—m)t 
2 (m—n) 23. 24, 24. 0 
mn 
log ¢. 26. a7. @& 28. —9 
2 
1. 30. 0. 31. 1, 82. 67, 
8 1 
0. 87. ? -¢° 


VI. (Pages 52, 53.) 
oe? — 652 + 33023 ~ 4620+ 1652 — 11 =0, 


IX. (Page 73.) 
gr-i 00526, (nodd); =" [(— 18 cos nd}, (n even), 
(-1)* gry sinn6, (nodd); (~1 JF se (1-cosnd), (neven), 
n? cosec! nb, (n odd) ; 3n*cosect 2, (n even). 
nsectnd — n,(n odd); n*+[1 — (—1)*cos nb] —n,(n even). 
- neot (F+n8). 6. ncotné. 
(-1)? tan n6, (n odd); (— 1)5, (n even). 
n? cot? (F+ n6) +n(n-1). 


TRIGONOMETRY. (PART 1.) iv 
AO; Cor = 
(- 1)? cos n6~1 
XI. (Pages 86-- 88.) 
17, cosa cosh 8 —isina sinh £. 
sin 2a —7 sinh 28 





» according as 7 is odd or even. 


aS cosh 28 — cos 2a ° 

19 sin a, cosh B—i cos asinh 8 
‘ cosh 28 — cos 2a ° 

20. cos a cosh 8 +¢sina sinh 2 


cos 2a + cosh 28 

21. sinha cos 8 +% cosh asin B. 

g9, Sinh 2a+¢sin 28 

"cosh 2a + cos 28 * 

23 9 cosh a cos B — i sinh asin 8 

: cosh 2a + cos 28 i 
XII. (Page 92.) 

i 1+sin 6 


1. 4g = + rac 8 i—and’ according as cos 6 is positive or 


negative. 
2 sin-"(,/sin 6) + ¢ log [,/1 +sin 6 —./sin 6). 
XIII. (Page 99.) . 
15. , log (u? + v7) +¢ tan” < » where 


v= ; log oost By — 008 a and v= tan"! (cot 2 tanh y). 
: XV. (Pages 112, 113.) 
lL 3. 2. 2. 3. 5. 4, -1, 5. -3. 


XVI. (Pages 117, 118.) 
1 4sing 
" 5-—4cosa’ 
2. 0, provided a does not equal a multiple of 7. 


16. 


16. 


ANSWERS, 
sin’ a 4 ina (cosa~ sina) 
1- sin 2a4sin?a" T-sin 2a+sin?a 


sina —csin (a—8) — c*sin(a + n8)+e"* sin {a+ (n— 1) 8}. 
1-2ccos B+? ¢ 
sin a — ¢ sin (a — 8) 


1-2¢cosR+e * 
1-—e cosha— o* cosh na + ¢**? cosh (n— Ia 
1— 2¢ cosh a + 


ce sinha 
1 — 2c cosha +c?" 
cos a + (— 1)*"? {(n + 1) cos (n~ 1) a +n cos na} 
<= “Site 
sin a+ (2n +3) sin na~(2n + 1) sin(n+1) a 

2 (1 —cos a) 

0, if n=4m or 4m + 3, and 1, ifn=4m+1 or 4m42; 
0, if m= 4m or 4m+1, and —1, if n= 4m+2 or 4m+3. 


sue n 
(2 con f) . sin a+). 


(2 sin a)~* sin G + 5) , except when a= nz. 


0, if n be odd; (— 1)*sin* a, if n be even. 
(2sin 5)”. ein (F ~9): if n be <1. 


,/cos 6 (1 + cos 6), if 6 be between — 5 and +3 


(2 cosh 3) -8 inh ach % 


XVII. (Pages 121—123.) 
8 sin (a + ¢ sin B). 2. 6°88 cos (a + csin B). 


e084 0088 cog (cos a sin B). 


OOD 


10. 


11. 


12. 


13. 


14, 


16. 


or zero, 


17. 


18. 


TRIGONOMETRY. (PART IL) vi 


sin a cos (cos 8) cosh (sin 8) 
— cos a sin (cos @) sinh (sin £). 
sin (cos 8) cosh (sin 8) cos (a — 8) 
— cos (cos £) sinh (sin £) sin (a — ). 
eh cosh (sinh a). 7, 68* sinh (sinh a), 
e7os(ein®) cos {y sin (sin a)}, where y = es, 


64 8(008) | cos fy sin (cos a)}, where y = 6"2¢, 


- 3 0 {eos (6 + sin 6) + 4 cos (sin 6)} 


+ oo {cos (6 — sin 6) — 4 cos (sin 6)}. 


csina 
l+ccosa 


tan- eee except when c= 1 and a = nz. 


= » except when c= 1 and a=(2n+41) 7. 


1 

2 

1, 14 2ccosa+e 

48 [Re cosate’ 

1, _, 2ecosa 1 14+ 2csina+c? 
ge Mg Sa cacanae 
+ 


Tv as . . oue ° 
p77 0 according as cosa is positive, negative, 


2e =e 
1- 


2c sin B 


1. 
— 9fin(a— 8) tanh ise 


5008 (a-~ B) tan“ 
+B 


Flog (sin = gq cosec 28) except when a+ 8 is a 











euea of 2. 


19. 
20, 


22, 


dog ta +0) #,/1+ 2c cos 2a + c*), 


2 
a 1 , . 
3° 21, — 5 tan- (cos B cosech a), 
J 
8 


(2,/3 log, (2 + /3) — a]. 


ee 


ANSWERS, 
XVIII. (Pages 125, 126.) 


cot ae cot 2" 6, 2. cosec 6 {cot 0 — cot (n+ 1) 6}. 


2 
cosec 6 {tan (n + 1) @—tan 6}. 
cosec ¢ {tan (8 + np) — tan 6}. 


5 cose a {tan (n +1) a— tan a}. 


Sa= grist a too 26; 8-5-2 cot 26. 
2 coth 2025 coth aoe 


tan 6— tan ie tan 0. 


sin 6 (cot 6 — cot 26). 
7sin 204 (—1) 5 sin 29 9, 
1 


5 sin 26 - ay sin 2%+1 9, 


1 6 wt 9 see $) 
Z cosee 5 (see 3 5). 


Sm tan 2°a—2 tana. 


‘ {3 cos 6 + (=) cos ro}. 


z {B"sin 5, —sin } 





5 [3*tan 3° 6 — tan 6} 


5 [cot 0 — 3 oot 3° 6} 
tan“ {(m+ 1) (n+ 2)}—tan*2, 
tan! (n+1)—tan-11, ie. tan? 


= Tr 
S, = tan 2*—tan7? 1; Se=7- 


8. tan 2"6~—tan @. 


22, 


Pope 


where 


14, 


16. 


cn 


TRIGONOMETRY. (PART 11.) viii 


1 . 
J/n+1’ 
XIX. (Pages 131, 132.) 


1—acos 6 + a’ cos 20~a* cos 30 +... ad inf. 
cos 6 + a cos (0+ ) +a" cos (0+ 26) +... ad inf, 
Reece ree . ad inf. 





S,=sin7 1 — sin“ 





cos 8 + acos (6+) + rom (0+ 28) + Bo (6 + 34) 
+... ad in£ 


70 sin } + Oe Qh+ ne 


i 8 
r=+/a?+8 and gatan2, 


w cos a~ 5 a sin 2a— 5 2 cos 3a+jatsinda 


sin 3p+... ad inf, 


+} at cos 5a—... ad inf. 


é 1 ‘ 1 . 
&+Y—rer=— cosasin x—-—= cos*a sin 2x—= cosSasin 3x 
y 2 3 
—... ad inf. 


(1) m= tan*S; (2) m=—tan*a, 


— log 2— sin 26 + 5008 40+5 5 sin 64 — J 008 80 


3 
ar 106+... ad inf. 
5 
2[ sin 0 — 5sin 30+ Zsin 50—...ad inf]. 
a £B 1 é 7-5) | 
2 [cos @ tan in”s — 7 008 26 tan G g) te 
* Tr 
+ 2 log cos ; ey » if 0<B<5. 


ix 


where 


12. 


18. 
29. 


ANSWERS. 
XX. (Pages 144—146,) 
2 
ni[ 2 + 2a: cos (87 + NF + 1], where r=0, 1, or 2. 
11[ 2 — 20.608 (6 + 1) _ + 1], where r=0, 1, 2, or 3. 
11[ 2*— 2a cos (Br + Net 1], 
r=0, 1, 2, 3, or 4. 
| 2*— 2x cos (3r+1)5 + 1], 
r=0, 1, 2, 3, 4, or 5. 
Tl} a*— 2ee cos (6r + 2) + 1], 
r=0, 1, 2, 3, 4, 5, or 6. 
2rr 
(e—1) [2 220s 3 t 1], where 7=1 or 2. 


I} «2? — 2 cos (2r + let 1], where r= 0, I, or 2. 
(«-1)0 a 2ecos 7 4 i], where r=1, 2, or 3, 


(+1) | a~2xc08 (2r+1) 2 + 1]; 
r=0, 1, 2, or 3. 
(at—1) 1124-20008 F + 1], where r= 1, 2, 3, or 4, 
(@+1)0 [2°—22c0s (r+ 1) 7 + 1], 
r=0, 1, ...5. 
(at 1) | a 22 cos + 1], where r=], 2, ...6, 


| 2 20-008 (2r-+ 1) 55 + 1], where r=0, 1, 2, ...9. 


Take the logarithm of both sides of the expression of 


Art. 115 reading r instead of x; differentiate with respect tor 
and then integrate with respect to 6. 





ep 


Po pw 


TRIGONOMETRY, (PART 11.) x 


XXU. (Pages 175, 177.) 
+ 32746... ft., and + ‘24989... ft. 
acos 28 3 and —” __a@sin? B 
cos’ (a + 28) cos? (a + 28) 2B)? 
Mee and Oe v8) « feet. 
a~-ycos C y — # COs a . 
esin B pad esin A zedians, 


~ = inches, 


40 


XXII. (Page 180.) 
1+ /3 
= 





-1, and 


—14+2cos 40°, —1+2 cos 160°, and —1 +2 cos 280°. 
—4, and 2+ 2,/3. 4, 4, and 1+ ,/3. 
2,/7 cos 6, where 6 = 33° 37' 52”, 153° 37’ 52", and 


273° 37' 52”. 
~§+ Al cos 6, where 0 = 39° 5’ 51”, 159° 5’ 51”, and 
279° 5’ 51", 
21 cos 6, where 6 = 44° 50’ 49”, 164° 50’ 49”, and 
284° 50’ 49”. 
XXIV. (Page 182.) 
The expression cannot lie between 2 and — 2. 
The least value is ,/a? — 6%, provided ae a>b, 
The greatest and least values are 3 ude ~ g ebeciively: 
The least value is 2ab. 


If a and b have the same signs, the least value is (a+6)*. 
2 tan a. 9 2seca. 





. 
3 


xi ANSWERS, 


MISCELLANEOUS EXAMPLES, (Pages 193—211.) 


7 
40 53m. 
2- 


5, 


—xsin x —cos a. 6 -+e5+ 55+... 
9. —2-40; 142 ,/3+44(2F,/3). 10, -2. 
12. ping, if 0<9<5; 0, ifa=2; — —Fsin a, if F<a<n. 
15. 511-18 sq. ft, 20. 1-—. 





21. 1-(1—cos 6) log (2sin$) 5 ann 0; unless 6 be 


a multiple of 27, when the sum is unity. 
22. cota — 2" cot 2"a, 


23, ea [ tg sin 6 + tan?= sin 264. |: 
sina 2 


24. 6-96 arp li42-2) (b—c)cotwa+...+...]. 








81. 84... 82. aut. 38. 5 {tan 3" 6—tan 6]. 
40. A. 44. tan 6— 2" tan oa : 
e , 1 a 1 2 
45. ain 6° 29-5 Gaag sin 26+ 5 aintg 912 89-... 
47. tan 6. 
51 cos* a 1 1 
° ee ee 


1 1.3 1.3.5 
52, 1+ 9 00s 0+ 5-7 cos 20+ 57 tT. G 008 30+... 


a 6 
54, 3 — 3. 60. cot a — cot 6. 


61. 


79. 
86. 


87. 


88. 


89, 


90. 
92. 


93. 


95. 


97. 


99. 


100. 


101. 
102. 


108. 


110. 





TRIGONOMETRY. (PART II.) xii 


cosh (n + 1)a.sinh na 


78. 2-840. 
sinha 
15121; -6191. 80. 7°8; 11:0; ltl... 
$ cosec a [sec (2 + 2) a — sec 2a]. 


1/1 4 
3 (gritan3 0-3tan 6), 


sin 3a cosec a cosec 2a 
—sin(3 2a) cosec 2" a cosec 2"+1 a, 


sin 6 [cot gen arti — cot 4 - 


cot 6 — 2" cot 3° 91. ; [aa tan 3°x— 3 tan | ‘ 


sin? na cosec a sec 2na, 





n 
L cot ae per alkcd ‘ 94 cosec? x — cosec? 2a, 
2 2 2 
1 - 12n 
zt —tan 6. a eae 
ga tan 2 6 né 96. tan 18n 313° 
4 
tan iB ‘ 98. tanh~! nx, 
tan—) @ sn@ oy a” sin 2"6 
1 - x cos 6 1 —2"" cos 2"6 

sinh 6| coth ai —coth 4 5 

1 6 1 A 
Oar cosec? Gari — 5 cosee 5. 
e*!® cos (sin 0 tan 6) — 1. 





l+a I -= 3a ‘ 32 
3 +3 *[ (2-2) cos 32/0 sin ME |: 


giv2+)). 


xiii ANSWERS, 


-SinhAsing +sinAsinhp 7 


126. t = zoe a 
By ee coshAcosjy—cosAcoshy 4’ 


where 





h=m J/2cos = and pam /2sine. 


139. 4 cosec? 2a — _ cosec? i : 


140. 5 cos"? (2sin 6-1); unless =n, when the sum is 


ccording as ” is even or odd. 


Qrr 


sin (6+ +— 


1 r=n~1 


141, —, ae 
nsinnd yao x? — 2a cos (+= ae +1 


CAMBRIDGE: PRINTED LY W. LEWIS, M.A., AT THE UN IVERSITY PRESS ye 


t 


